343

On the determination of the positions of points and planes after rotation
through a definite angle about a known awxis,
By R. W. H. T. Hubsox, B.A,
Communicated by Prof. W, J. Lewrs, M.A.

{Read April 3rd, 1900.)
I.

Rectangular axes.

AKE three axes of reference OX, OY, OZ mutually at right angles.

A convention must be made as to the positive direction of rota-
tion about any line, and that usually adopted is as follows. A positive
rotation about OX rotates OY towards OZ, one about OY rotates 0.7
towards OX, and one about OZ rotates OX towards OY. To find the
positive direction of rotation for any line ON we must suppose ON
moved to coineide with one of the axes, say 0Z, and then apply the pre-

ceding rule.
Z

X

Fre. 1. Fic. 2.

Taking the axes as indicated in the figure, in which OX is supposed
drawn towards the observer, a positive rotation about any line ON
together with a translation along ON produces right handed serewing.
If the axes OX and OY were interchanged, the serewing would be left-
handed. .

The figure represents the displacement of a point P to the position P’
by rotation through au angle ¢ about ON in the -positive direction.
The problem is to determine the co-ordinates (¢'y'z') of P’ in terms of
those of P(wyz), ¢ and the given direction OV,
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Let <NOX= A, <K NOY =p, <K NOZ =.

PN, P'N are perpendicular to ON and < PNP’=¢.

P'Q is perpendicular to NP,

To find ON we notice that it is the projection of OP on ON. Henco

ON= OP cos PON= 0P«[0~P cos)\—}— D COSp +— cosv}

=2 co8 Aty cos ,u—{—z COS ¥V vevivererennnns (1)
It 1s convenient to use the co-ordinates of N which are £y where
&= ON cos A\=(x cos \+¥ cos p+z cos v) cos A
7= ON cos p=(» cos Aty cos u+2 cos v) cos p
£ = 0N cos v={x cos \+y cos u—+z ¢0S v) €OS ¥
The direction of ¢ P’ is required.

The direction-cosines of ON are cos A, cos y, cos v.

NP ,, e—f y—y 2-4

Np ' NP NP
orsay p , g , T .

Hence those of QP’, which is perpendicular to both, are

”

& (r cos p—gq cos v), & (p cos v—r cos N), (g cos A—p cos u).

The ambiguous sign is determined by the fact that, if ON be moved
to coincide with OZ and NP to the direction OX, @P' will then be in
the direction OY. That is, when cos A = 0 = cos y,cos v =1, p=
1, g=0=7, we must have

*(p cos v—recosA) =1,
Hence the upper sign must be taken.

We are now in a position to write down the co-ordinates of P', because
we know the lengths and directions of ON, NQ, QP'.

Thus a'=ON cos \+NQ.p+ QP (r cos p—qg cos v)
=£4+NP' cos ¢. %,_‘PS-FNP’ sin ¢ (r cos p—q cos v)
=£+cos ¢ (w—&)+sin ¢ (2 cos p—y cos v)

Or a' —w=(1—cos ¢} {—a)+sin ¢ (2 cos u—y cos v)
Similarly, y'—y=(1—cos$) (n—y)+sin ¢ (2 cos v—z cos A} [..... (2);
and #—z=(1—cos¢) ({—z)+sin ¢ (y cos A —x cos ,u.)

wherein &, , { have the values found above.
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The relations (2), which give the new position of any point, are estab-
lished in Minchin’s Statics, 1I, p. 108, 1889 ; and his mcthod of proof is
that followed above.

If &y 2 are required in terms of #'y'?’, it is necessary only to inter-
change # and &', &c. in the above formule and to change the sign of 4.

Suppose that it is required to find the new pcsition of a plane

hafa+kylb+1zfe=1.

Now the point %/a, k/b, ljc is the pole P of thls plane with respect to
the sphere

Py 4=

and the relation of pole and polar is unchanged by any rotation about 0.
Hence the new position of the plane is

Walatkylb+lxlc=1
where I'fa, k'[b, I'[c are the co-ordinates of the new position P’ of the

original pole I>. They are therefore obtained from (2), and are

13

l_l 08 ¢ -+ ON cos \ (1—cos ¢)-}-sin ¢ (_ cos ,/.—75 cos v)

Q ]
9

k/

S
e-#

v

- ¢os ¢-+ON cos pt (1—~cos ¢)-t-sin ¢(- cosv— © cos )\) - (3),
¢
.= L cos ¢+ ON cos » (I—cos q;H-sinqp(- cos A— b cos H) g

[ b a

l
where ON = ;_bcos )\+I;§ €08 p-t - cos v,
a ¢

II.  Oblique axes.

Choose rectangular axes as in case I, and let the oblique axes, referred
to them, have direction cosines (Iyngiy), (Ismang), (Lmgng).
Let OP make angles 6, 6, 8; with the oblique axes.
Then cos 0,=(l@+my+n;z)+ 0P, (i=1,2, 3).
Tt is required to find the angles 6, 0, 6," made by O’ with the oblique

axes.
We have cos 8 = (@' +my' +n2)+OF, (i=1, 2, 8).

Hence, multiplying the formule (2) respectively by lP (1;1“ 0’;)
(dropping the suffix) and adding, we obtain
l m n
+my+n c0s A COS u COS ¥
cog O’ = cos ¢ cos §+(1—cos ¢)$~—Yi§+sm¢bw y’l =

P 0P OP
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Now, if the axis of rotation ON makes angles w; w, w; Wwith the oblique
axes, then .

cos w; =1, 5§V+)7110V + n"OTI (=1, 2,38).

", €08 ;' = cos ¢ cos §;+ (1 —cos ¢). cos PON, cos w,+sin ¢ 2 ;uvnses 4).
where
A=
2
L ¥, 2
124 mi?—{-nf, 1, cos \f-m, cos p n, Cos v, i Op+m¢ 0Pt 0P }7
I, cosa{-m, cosutn, cosy,  cos?A-cos?ufcosty, cos?\ +cosy0f —+ cosw ()zy
2 2
I z )\_zi s Y 2 12+y 12
iop T i gpr CgpT RGO ToP
| 1 cos w;,  ©os 6, |
— cos o, 1 08 PON [+eacvanens (5).

cos Gi cos PON 1

It remains only to calenlate cos PON in terms of w; w, w;, 0; 0, 05, and

the angles a, 3, y between the oblique axes.
Let ¢, f, g be the direction ratios of OP.
Construct a parallelepiped, having OP as diagonal, and edges parallel to

the oblique axes, and project on ON, we then obtain
cosPON=¢ eos w,-+f cos w,+g €08 w;.

Again, projecting on the oblique axes, we get—
cos O,=¢-+f cos y-+g cos 3
cos 0,=¢ cos y-.f+yg cos a
cos 0,=¢ cos 341 cos a+g
Eliminate ¢, f, g

cos PON €08 w; COS wy cos wy | =0
cos 0, 1 cos y cos 3

\ cos 6, cos y 1 " cos a

| cos 0, ¢os 3 cos a 1

Or cos PON| 1 cosycosf3|+] 1 cosy cosf cos@ |=0
cosy 1 cosa cosy 1 cosa cos @,
cos 8 cosa 1 cos B eosa 1  cos O
€08 w; COS wy COSwy O ;

Thus cos PON is found, and thence A;, A,, Ay, and the result may be
stated as follows:
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If the line OP, making angles 6; 6, 8 with the axes, is turned through
an angle ¢ about 0.V, making angles w; w, @, with the axes, into the posi-
tion OP" having the direction-angles 8,' 6’ 6,', then

cos A =cos ¢ cos 0,4 (1 —cos ¢) cosPON cos w,+sin ¢ A, (i=1,2,8).
To find the new position of any plane we notice that the direction
. ; z h ko1
cosines of the normal fo the plane B —{—k'qf +1- =1 are p-L, Py P
a b ¢ a’ "l c

where p is the perpendicalar from O on the plane, and is unaltered by the
rotation. '
Thus the formul® required are:

'y PON .
L= ]-lcos ¢+ (1 —cos (l))ﬂs——lcos w;4-sin ¢ D,
a P
ok s PON .
i = 5005 b+ (1 —cos ¢) 98 2P cos wysin @ DyYeeeee- (7)
P
VA ON .
.= { cos P4 (1—cos ¢) cos PON €08 wy+-sin ¢ Dy
c p
cos PON
where -y =
1 cosy cosff  hla+|[ 1 cosy cosf3 |
cos y 1 cosa b cos y 1 cos a | Tereren (8)
cos 3 cos a 1 e ‘ cos B cosa 1 ]

COSw; COSwy COSwy; O ’

1 €oS w; hja
Df:i COS w; 1 pteosPON|; &e.j ..., 9)
’ hja  p~! cos PON p2
and p is given by
1 cosy cos B hfa
kb
cosy 1 osa Hl_G e (10)

cos f3 cos a 1 lfe
| hfa kfb lfe p?

When the angle of rotation is 180° the formulee of transformation can
be obtained directly as follows :
Let as before the plane ha/a+-ky/b+Iz/fe=1 become
Wajatky/b4-Uzfe=1.
The relative motion of the plane and axes is the same as if the plane
were fixed and the axes were turned through 180° about ON. TLet the
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axes meet a sphere with radius ON in X, ¥, Z, Fig. 2, p. 343; and let
their positions after a semi-revolution abouat O.N be given by X', ¥, Z’.

Then X'N=NX; YYN=NY; Z/ N=NZ.
And
Cos X'X=c0s 2 XN =2 c0:2XN-—1=2 cos?0; — 1.
Cos X'Y-+cos XV=2 cos XN cos YN; .+.cos X'V'=2 cos w; €OS wy—CO8 y.l .. (11)
Cos X'Z4-cos XZ =2 cos XN cos ZN; .*.cos X'Z=2 008 wy COS wg—COS B. )
But # y 2 being the point at distance » on OX’ at which the plane is
met, then
r cos XX =}y cos y+2 cos 3,
rcos YX'=w cos y+y+z cos a, ]
rcos ZX'=x cos 34y cos a+z.
1=haja+kylo+1z/c

Eliminating «, y and z, and replacing cos X.X', &c. by their values
given in (11), and r by its equivalent a+%’, we have—

2 ¢o8 2w, —1 1 cos y cos B‘

2 cos w; €08 w;—COoS ¥ cos y 1 €08 a

2 oS w; €08 w;—COS [3 cos B cos o 1 |=0.
(W +hy—1 h k l
LA - ; -

| a a b ¢

This reduces to

€oS o, 1 cos y cos 3|
COS wy cos y 1 o8 a |
COS cos f3 cos a 1 }:0 ...... (13
hi+h h k l ’
da cos w, @ b ¢ |
which may be expressed by
(7 +h)D —2a cos w; A =0.
The formule of transformation are therefore
Wb _ Kbk U+ 28
@acosw, beoswy, ccoswy, L 7 ’
where
COS w; 1 cosy cosf:
COS wy COS Y 1 cOS @ 1 cosy cosf
A =|C08 wy; €08 B oS a 1 f,and D=|cosy 1 cos a/.
) k jeos 3 cos a 1

!
| © a b E



