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Abstract

The changes in unit-cell parameters associated with Ca-Fe substitution and with thermai
expansion for compositions between hedenbergite and ferrosilite have been calculated using
lattice parameters determined from back-reflection Weissenberg and 4-circle diffractometer
measurements. Although unit cell volume increases with Ca content and temperature, the
strain ellipsoids for the two effects are quite different. The largest expansion associated with
adding Ca is located 50"-50' from {c toward *a in the a-c plane, whereas this is approxi-
mately the smallest thermal expansion direction. Replacement of a small atom by a large
atom appears to have a significant effect on the repulsive terms associated with chemical
bonds, and thus causes shorter bonds to undergo more expansion. Comparison with recently
reported lattice expansions of spodumene and acmite shows that the orientation of the
thermal expansion ellipsoid depends on the geometry of the M2 polyhedron.

Introduction

Papike et al (1972) discussed differences between
chemical and thermal structural expansions in
pyroxenes. Although both mechanisms cause an in-
crease in size of the Ml octahedron, the response of
the silicate chains is quite different. Because chain
straightening is characteristic of thermal expansion,
it was concluded that, as a first approximation, ther-
mal expansion for pyroxenes could be considered in
terms of rotation of fairly rigid polyhedral bodies
with the linking oxygens acting as pivotal points.

In this study, the Ml octahedron is completely
filled with Fe2*; consequently the only changes ob-
served must be due mostly to thermal effects. As a
result, we will concentrate on the eftects of the M2
cation on structural expansion.

In pyroxenes increasing calcium content produces
the same overall effects as raising the temperature.
When pigeonite is heated, its space group changes
from P27/c to C2/c, the space group of augite. The
unit-cell volumes increase with both calcium content
and temperature. In this study the detailed effects of
composition and temperature on lattice deformations
are compared in terms of a strain ellipsoid.

If the temperature of a crystal is changed, the
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bond distances and angles also change, resulting in

deformation of the unit cell. In solid solutions the

change of chemical composition often yields a con-

tinuous change of lattice parameters. In either case,
if the degree of deformation is much smaller than

the original unit-cell dimension, it can be specified
by a second rank tensor (Nye, 1957, Chap. 6) that

describes the transformation of a sphere in the un-

strained body to an ellipsoid. In crystals with

orthorhombic symmetry or higher, the principal axes
of the ellipsoid (usually called a strain ellipsoid)

are constrained. In this case measurements of the
expansions of the lattice parameters immediately give

the principal strain components. However, in the
monoclinic and triclinic systems, it will usually be
incomplete to represent a lattice change in terms of

lattice parameter expansioirs instead of a strain

tensor. The largest and smallest lattice expansions
in the monoclinic and triclinic systems are not neces-

sarily aligned parallel to the crystallographic axes,

because the principal axes of the strain tensor el-

lipsoid in those crystal systems are not constrained
to lie along the crystallographic axes, except that one
principal axis must lie parallel to b in the mono-
clinic system. Volume expansion is given by the
trace of the strain tensor based on Cartesian coordi-
nates. Relationships between lattice parameters and

strain tensor components for the triclinic crystal

system are given in the Appendix.
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Strain tensor components based on the Cartesian
axes, x( l la*),  y( l lb) and z( l lc)  are given by equa-
tion A-10 for the second setting of the monoclinic
system. In these equations aq, bi, ct, and Ba are lattice
parameters before (i = 0) and after (i : 1) the
deformation. The.-,'s are thus expressed in terms of
two sets of lattice parameters. Note particularly that
e13 is required in addition to r11, e22, zrl'd eag. An

equivalent representation of the strain ellipsoid is in
terms of its three principal strain components e* (m
= l, 2, 3 ) plus directions of the principal axes; these
quantities are eigenvalues and eigenvectors respec-
tively of the tensor [e].

A sphere in the unstrained body

u ' +  v ' f  w ' ? :  l

becomes an ellipsoid after deformation

-4-, + ,, l'-u -F Y -" : l( l  *  e , ) '  '  ( t  +  e r ) '  '  ( l  * . . ) ' -

where u, y, and w are based on unit base vectors
parallel to three principal axes.

From lattice parameters listed in Table 1, principal
strain components have been calculated for several
clinopyroxenes (Tables 2 and 3).

Results

Lattice delorrnatiom due to changes of calciu,mcontent

A comparison of lattice parameters of clinopyrox-
enes with different calcium contents should reveal
the effect of calcium atoms on the structure. The

TlsrE 1. Clinopyroxenes Lattice Parameter Data*

Ttrperature a(A) b ( A ) c  ( A ) B ( d e C ,  )  S o u r c e l

TrstF, 2. Principal Strain Components Due to Chemical
Substitution on the Join Hedenbereite-Ferrosilite

P r i n c i p a l  S t r a i n  O r i e n t a c i o n  o f
Components Principal Axes'r

[ x 1 0 - 4  p e r  1 %  F s  -  t . l o ]
e e € . 1 r Z 1 3

(ma) (med) (min) (max) (ned) (min)

t 3  . 0 7

4 . 9  - t . 7

FslggWog - Is85wol5

Fs85tJo15 - Is75Wo25

Fs75Wo25 -  Fs65Wo35

Fs.  -Wo^-  -  Fs-^ l , io -^o )  J )  ) u  ) u

56"

5 9 '

6 0 "

))

I

6 7

8 0

l 5

b

b

b

146 "

t49"

t 5 o '

b

F"IOOWoO r t .  *"

F s ^ - w o .  -  r .  t .o )  r )  
3 o o o c

F"7sw"2 
5

Fs6 5Wo35

Fs5OWo50

9 . 7 0 8 s ( 8 )  9 . 0 8 7 ( 1 )  s . 2 2 8 4 ( 6 )

9 . 7 1 9 ( L )  9 . 0 8 8 ( 1 )  5 . 2 5 e ( r )
9  8 r 4 ( 2 )  9 . L 2 6 ( 2 )  5 . 2 1 o ( 2 )

9 . 7 8 L ( 2 )  9  o 7 2 ( 2 )  5 . 2 4 6 ( 2 )

9 .  8 L 2 2  ( 5 )  9 .  0 4 8 7  ( 8 ) -  5 .  2 3 3 3 ( 5 )
9 . 8 5 4 ( 2 )  9 . r O 5 ( 2 )  5 . 2 5 1 ( 2 )

r ,  t .

r .  t .
4 0 0 " c

LO8.432(4)

r07. 39 (  r .  )
r 0 7 . 8 5 ( 2 )

1 0 6 .  5 5  ( 2  )

I 0 5 . 3 3 6  ( 6  )
1 0 5 . 9 4 ( 2  )

' ! O n e  o f  t h e  p r i n c i p a l  d e s  i s  p a r a l l e l  t o  b ,  A n g l e s  f o r  o t h e r
p r i n c i p a l  d e s  a r e  m e a s u r e d  f r m  + c  t o  + g  i n  ( 0 1 0 ) .
P r i o c i p a l  s t r a i n  c m p o n e n t s  a n d  o r i e n t a t i o n s  e e r e  c a l c u l a t e d
using equat ions given in Appendix,

strain ellipsoids for several pyroxenes on the heden-
bergite-clinoferrosilite join are compared in Figure 1.
In each case the sphere represents the lattice of the
lower Ca phase and the ellipsoid represents the ex-
pansion that takes place as Ca content is increased.
The eccentricity of these ellipsoids has been greatly
exaggerated so the changes can be seen clearly.
Neither the crystallographic a nor c axes are principal
axes of the strain ellipsoids. The direction of largest
expansion lies close to the bisector of the obtuse
ande B.

To help explain the structural nature of this ex-
pansion, the b-axis projection of the M2 poly-
hedron of clinoferrosilite is shown in Figure 2. The
major structural variation along the hedenberyite-
clinoferrosilite join is thought to result from the
changing occupancy of the M2 polyhedton, which
becomes more calcium rich and expands as the
hedenbergite composition is approached. As shown
in Figure 2, O2A and O2B have approximately the

Trgr-r 3. Principal Thermal Expansion Coefficients for
Several Clinopyroxenes

T e n p e r a t u r e  P r i n c i p a l  l - i n e a r  V o L u m e  O r i e n t a E i o n s

Range Themal  Expans ion  DtPans lon

C o e f f i c i e n t s  C o e f f i c i e n t

x I O - 6  p e r  I o C  x l o - 6  r t  1 2  r . t

. ( m d )  e ( n e d )  € ( m i n )  p e r  l o c  ( n a i )  ( m e a )  ( m i i )

S p o d u m e n e  ! ,  t .  9 . 4 4 9 ( 3 )
3 0 0 ' c  9 . 4 6 8 ( 1 )
7 6 0 ' C  9 . 4 8 9 ( r )

A m i t e  r .  ! ,  9 . 6 5 8 ( 2 )
4 0 0 " c  9 . 6 7 7  ( L )
8 0 0 " c  9 . 7 r 1 ( r )

9 .  0 2 8 4 ( 6 )  5 . 2 4 6 8  ( 3 )  r 0 4 . 8 0 2  ( 3 )
9  0 2 4 ( 1 )  5 . 2 4 5 ( 1 )  L O A . 7 4 ( L )
9  0 7 7 ( L )  5 . 2 5 8 ( r )  1 0 5 . 0 1 ( 1 )

8  3 8 6 ( r )  5 . 2 1 5 ( 2 )  1 1 0 . 1 0 ( 2 )
8 . 4 r 2 ( L )  5 . 2 2 4 ( r )  1  1 0 . 0 s ( 1 )
8 . 4 6 0 ( 1 )  s . 2 3 6 ( 1 )  1 0 e . 8 8 ( i )

8 . 7 9 s < 2 )  5 . 2 9 4 ( r )  r 0 1 . 4 2 ( 2 )
8 . 8 2 9 ( 1 )  s . 2 9 8 ( 1 )  1 0 7 . 3 3 ( 1 )
8 . 8 7 6 ( 1 )  s . 3 1 2 ( 1 )  1 0 7 . 2 9 ( 1 . )

F s - - w o , -  r  t  -  3 0 0 ' C

t ' s 6 5 U o 3 5  r c  - 4 0 0 " C

I s 5 0 U o 5 0  r t ,  - 4 0 0 ' c

S p o d u m e n e r r  - 3 0 0 ' C

3 0 0 ' c -  7 6  0 ' c

A c n i E e  r t  - 4 0 0 " C

4 0 0 ' c - 8 0 0 ' c

9  8 4 4 r ( 5 )
9 . 8 4 5 ( 1 )
9 . 8 7 0 ( 1 )

t r l

I 1 l
t l l

t  1 l

t 1 l
t t l

t 2 l
t 3 l
t 3 l

I 4 l
I 3 l
t 3 l

I 4 l
t 3 l

b  4 9 '

b  5 4 "

1 3 9  "

r44'

b

b
b

b
b

9 6 2 6
L 0  3  2 5

7  2  1 9
9 7 2 9

2 I

22

16

1 L
! 2

l 0
1 3

t 5  - 1 0

t 2  - 1

26

32

27

64' 154'
s 4 "  t 4 4 "

1 2 '  1 6 2 "
79" L69": rva lues  in  paren theses  are  one s tandard  dev ia t ion ,  and re fe r  to  the

I a s t  s i g n i f  i c a n t  d e c i m a l ,
* * r . t  =  roon Eempera ture .
+ [ 1 ]  r h i s  s r u d y ;  [ 2 ]  v e b l e n  ( 1 9 6 9 ) ;  [ 3 ]  c m e r o n  g - !  ( 1 9 7 2 ) ;

[ 4 ]  c l a r k  9 ! . 3 l  ( 1 9 6 9 ) .

. r r r n c l p a l  1 1 t r e a r  E n e m a r  e x p a n s r o n  c o e r r r c l e n E s  a n a  o r l e n E a E l o n s  s e r e

c a l c u l a t e d  u s i n g  e q u a t i o n s  g i v e n  i n  A p p e n d i x .
; f i l o n e  o f  t h e  p r i n c i p a l  d e s  i s  p a r a l l e l  t o  J r '  A n g l e s  f o r  o t h e r  p r i n c i -

p a l  a x e s  a r e  m e a s u r e d  f r o m  + c  t o e a r d  f a  i n  ( 0 1 0 ) .
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: - - F s 8 s w o t 5

FIc. 1. S rain ellipsoids for lattice deformation from
increasing Ca-content on the join hedenbergite-ferrosilite'
The sphere in the lower Ca phase is considered to become
the ellipsoid as Ca content is increased. The eccentricity
of the ellipsoid has been exaggerated.

same y-coordinate as that of the MZ atom; moreover,

these three atoms are almost collinear in a direction

close to the bisector of the obtuse B and normal to

the b-axis. M2-O2B is the shortest bo'nd in the M2

polyhedra and. M2-O2A, the second shortest. When

Fe atoms are replaced by larger Ca atoms, one can

expect the largest change along the shortest bonding

direction O2A-M2-O28.
The four crystallographically equivalent M2 poly-

hedra in one unit cell are related by the two-fold
screw axis parallel to b, by the inversion center, and
by the c-glide normal to b. In spite of different
orientations of the M2 polyhedra, however, all O2A-
M2-O2B directions are almost parallel to each other

and to the largest strain direction caused by increas-

ing Ca content (Fig. 3 ).

Lattice delormntion due to temperature changes

As temperature increases, a lattice generally ex-
pands (or occasionally contracts) anisotropically. A
similar strain ellipsoid can be constructed by com-
paring lattice parameters at two difierent tempera-
tures.

Frc. 2. The M2 polyhedron of clinoferrosilite' Note that
the O2L-M2-O2B is the shortest O-M24 path and lies
in the obtuse B. The y-coordinates in percent of D are
shown together with bond distances.

Frc. 3. Four equivalent M2 sites in one clinopyroxene
unit cell. All OZA-M242B directions are almost parallel

in spite of different polyhedral orientations.
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Frc. 4. Thermal expansion ellipsoids for
FssWo'u and FssWos. The eccentricity of the
ellipsoid has been exaggerated.

Strain ellipsoids due to temperature change are
shown for Fss5Wo153 and Fs6Wo353 in Figure 4. T\e
shortest principal axis of the ellipsoid bisects the
obtuse B angle. This presents a marked contrast to
the Ca-replacement strain ellipsoids in which this
direction corresponds to the greatest expansion.

An interpretation of the result is not as simple as
that for the strain ellipsoids due to Ca, because
structural changes at different temperatures involve
changes of all interatomic distances (thermal expan-
sions) and also relative rotations of these interatomic
vectors. As far as the M2 site is concerned, the
shortest 02 A-MZ-O2B direction approximately cor-
responds to the smallest expansion direction of the
strain ellipsoid.

u Compositions given
and Wo - CaSiO".

Comparison with thermal expansions ol other
pyroxenes

In clinopyroxenes on the join hedenbergite-ferro-
silite the shortest Mz-O bond is always M2-O2
even though the M2 coordination polyhedra vary in
shape (Ohashi and Burnham, 1972). However, in
some clinopyroxenes not in the standard pyroxene
quadrilateral (the diopside-hedenbergite-ferrosilite-
enstatite system), the shortest Mz-O bond is not
M2-O2. To permit comparison, the thermal ex-
pansion data for spodumene (LiAlSi2O6) and acmite
(NaFe3-Si2Oo) (Cameron et aI, 1972) have been
used to calculate the strain ellipsoids shown in Fig-
ure 5. The degree of anisotropy is smaller (Table 3)
and the orientations difier markedly from those in
Figure 4. The largest expansion is observed along b,
and the smallest expansion is not parallel but in-
stead almost perpendicular to the M2-O2 direction.
Unlike clinopyroxenes in the pyroxene quadrilateral
(Table 4), the M2 site in spodumene and acmite is
occupied by the monovalent ions, Li and Na, re-
spectively, and the shortest Mz-O bond is not M2-
02 but M2-Ol (Clark, Appleman, and Papike,
1969). Thus the differences between the thermal
expansion ellipsoids in Figures 4 and 5 may be due
to differences in the M2 site-the M2-O bond dis-
tances and the valences of.the M2 cations.

Compressibility surlace in clinopyro'xenes

Linear compressibility, which is the relative
change in length of a line per unit of hydrostatic
pressure, in general varies with direction just as does
thermal expansion. As shown in Figure 6, Kumazawa
(1969) calculated the reciprocal linear compressi-
bility surfaces for augite and acmite from the elastic
constant data of Aleksandrov et al (1963). Elasti-
cally the stiffest direction, corresponding to the
largest reciprocal linear compressibility, is found
along the direction bisecting a and c in obtuse angle
p. In augite the direction is approximately the
smallest thermal expansion direction (Fig. 4). Since
the chemical composition of the acmite for which
the reciprocal compressibility surface was constructed
is not available, there is a possibility that some of the
differences between the thermal expansion data of
Cameron et ql (1972) and reciprocal compressibility
of Kumazawa (1969) may be attributed to chemical
differences.

As pointed out by Kumazawa (1969), aniso-
tropies of linear compressibility as well as thermal
expansion cannot be explained simply by the silicate

Fs55Wo35

by mole percent of Fs - FeSiO,
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*-31* i'.i!ii 2.300

02A 2,120 t t lt*
o2B 2.034*

03A 2.8OO . a^1
o3B 2.896

03Ar  (3 ,040)  2 .760
03Br  2 .8L7

Tesrp 4. Comparison of the M24 Bond Distances at
Room Temperature for Several Clinopyroxenes

ohashi & Burnhm (1972) veblen (1969) Clark el!-gl (1969)
F"85Wol5 F"65Wo35 F"5OWo50 SPodunene Acnlte

847

2.358

2,342*

2.63L

2.105* 2,398*

2.278 2.4t5

2.25L 2.430

2.72s (3.L44) 2.831

Frc. 5, Thermal expansion ellipsoids for spodumene and
acmite calculated from lattice parameters determined by
Cameron et al (1972). The smallest expansion direction
is close to the direction of the largest expansion found
in FssWor" and FsoWoao (see Figure 4). The eccentricity
of the ellipsoid has been exaggerated.

chain structure. No principal axes of these surfaces
coincide in direction with the silicate chains running
along c. This behavior reinforces the view that the
structural changes produced by temperature and
pressure changes are dictated in pyroxenes primarily
by the response of metal-oxygen bonds to changing
conditions, and not by the behavior of the silicate
chains.

Appendix: Relationships between the Strain Tensor
and Lattice Parameters

We now derive a relationship between lattice
parameters and strain tensor components. Let us
first define a strain tensor [S] in terms of lattice
parameters as

(A-1)

where a;, br and cr are direct lattice vectors before
(t : 0) and after (t : l) a deformation. Using matrix
and column vector notations, (A-l) is in short

S ' a o : 8 r - o o (A-1',)

Postmultiplying (A-l') by the reciprocal row vector
6o* : (ao*bo*co*), we obtain

S ' a 6 ' 6 6 * : S : a r ' 6 o * - I (A-2)

Nbte that the shortest M2-0 bond indicated by * is the l '12-oz in

cl inopyroxenes of Fs-Wo conPosit ions, but the l '12-01 in sPodumene and

acniEe, Themal expansioo el l ipsoids are di f ferenl in these two

groups (see Table 3 and Figures 4 and 5).

other than triclinic, certain relations between vectors

[ao*bo* co*] and [arbr c'] exist. For example, &, 'bo* -

c''bo* - 0, br'bo* : lb'l lbo*l : b'/bo for the 2nd
setting of the monoclinic system. Note that in general
8r.co* I 0 because ofchanges in B.

Unless a fixed coordinate system is established out-
side a crystal (e.g., the instrumental axes of a single-
crystal diffractometer), information on angular rela'
tions between the al and ao* cells cannot be obtained.
However, if we exclude pure rotations as not being of
interest (which is usually done in a strain tensor
analysis) we can calculate a symmetric strain tensor
from two sets of lattice parameters as shown below.

Let us define unit base vectors x, y and z of the
Cartesian system such that z is parallel to c, x parallel

Frc. 6. Reciprocal linear compressibility surfaces in
pyroxenes (after Kumazawa, 1969). The intermediate axis
is parallel to b. The stiffest direction, corresponding to the

largest reciprocal linear compressibility, is found in the

obtuse p angle.where I is a 3 X 3 unit matrix. For crvstal svstems



to a* and y : z X x. Then the lattice
expressed in terms of x, y, and z as

a .  :  Q rx ;  ( t  :  0 ,  l )

the transformation matrix Q' is given by

Y. OHASHI, AND C. W. BURNHAM

, 
Components of the tensor [e] are given by

For the 2nd monoclinic setting, Qo-' and Q, are

fo, 
.1" B, O o, cos g,l

Q '  :  |  0  D '  0  |

[ o  o  c ,  )

vectors are

(A-3)

a; cos B1

b, cos o;

L ;

(A-4

where

p; :  ( l  -  cos'o, - cos' B, - cos" yn

f 2 cos a; cos B; cos^lr\ t / '

The reciprocal lattice vectors are given by

a, *  :  Q, - tx  
*  :  Qr - txo  (xn  :  xn* )  (A-5)

Let R be a transformation matrix from the x0 system
to the x, system,

xr : Rx6

Since both xo and x, are the base vectors of the (right-
handed) Cartesian coordinates, R represents a pure
rotation operation.

Substituting (A-3), (A-5) and (A-6) into (A-2), we
have

-
S :  Q 'x ' (Qo 

'xo)  -  I

:  e,Rxoioe; '  -  I

:  Q r R Q o - ' -  I

By a similarity transformation the tensor [S] based on
the crystallographic axes is transformed to the tensor
[E] based on the Cartesian system xl.

E :  eo - 'Seo  :  eo - ' [ e ,Reo '  -  r ] eo
:  Q O - ' Q ' R  -  1 (A-8)

If we exclude a pure rotation R, the asymmetric tensor
is Eo : Qo-'Q, - I and then a symmetric strain
tensor [e] can be defined by

e : * (E .+E" )

:+(Qo- 'q,+fr , ) - r  (A-e)
Putting observed lattice parameters into (A-4) we can
evaluate Qo and Q, for lattices before and after the
deformation. From these Qo and Q, the strain tensor
[e] can be calculated with (A-9).

(A-10)

(A-13)

, ,^(a, cos B, c, cos 0o\
6 r r  :  €s r  :  , 7 r1o* in  g "  

-  

" " , i "  
e /

€ r c : e c e - 0
(A-6)

(A-7)

The principal strain components and their directions
are given by the eigenvalues and the eigenvectors of the
tensor [e]. For the case under concern

[.rr o .,rl

lo G..  o l
I : I
[er, 0 .rr.J

becomes

1,, o ol
t l
l 0  e r  0 l

l ll.o o .,J
when the base vectors are transformed to the principal

axes. The principal components are given by

G z : e z z  
_ I  ( A _ n )

€1, €3 : *(.r, f ,"" + t/ o))

where * and - correspond to er and €3 respectively
and

D : (e,, * .rr) ' I 4(er"' - €rr€a:) (A-12)

By symmetry the e,-axis is parallel to the b-axis. The

€r-axis is normal to b and makes an angle 0 with c.

o : t an - ' \  (= ; )

where positive d is measured toward the *a-axis.
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