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Lattice dynamical study of the a-p qaartz phase transition
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Abstract

The frequencies of the phonon spectrum at zero wave vector, the contribution of the various
model potential terms to potential energy, the dielectr ic constants, and the mode osci l lator
strengths ofquartz at 25, 580 and 600'C have been calculated from a polarizable ion model.
The mode softening of the soft mode is attributable to the change of the contribution of
potential energy terms to potential energy. The elast ic constants, the contr ibution of potential
terms to the elast ic constants, and the change of internal coordinates due to the elast ic stress
have also been calculated. The anomalous elast ic behavior near the transit ion point results
both from the unusually negative contribution of the short-range internal rotation lorces to
the elast ic constants at 580'C and from the rather large contr ibution ofthe strong short-range
stretching forces at 600'C.

Introduction

The long-range Coulomb interactions were first
applied to the lattice-dynamical theory of a quartz by
Elcombe (1967) who calculated the optical mode fre-
quencies and the phonon dispersion curves on the
basis of the rigid ion (RI) model. The effective charge
of the oxygen ion was -0.98e. The most elaborate
and consistent lattice-dynamical theory of a quartz
was presented by Striefler and Barsch (1975) on the
basis of th,e modified RI model. The effective charge
of the oxygen ion obtained by them is -0.475e and is
very different from that obtained by Elcombe. Both
calculations neglected the electronic polarizabil ity of
the oxygen ion, which may be expected to play an
important role in the long-range Coulomb inter-
actions. I ishi (1976) studied the effects of the elec-
tronic polarizability of the oxygen ion on the lattice
dynamics of a quartz and found that the fit to the
experimental TO-LO splitt ing is improved by their
inclusion. However, no attempt was made to examine
the validity of the calculated electronic polarizabil ity
by comparison with the calculated and observed di-
electric constants. Thus the first purpose of this paper
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is to reexamine the electronic polarizabil ity and the
effective charge of ions in quartz on the basis of a
polar izable ion (PI)  model .

From the work on the Raman spectrum of quartz
from 6 to 900oC, Scott (1968) and Hdchli and Scott
(1971) presented evidence that the 207cm-' Al mode
is a soft mode. By analogy with several ferroelectric
phase changes, Coulomb interactions must play an
important role in the softening of the soft mode. For
this reason, the second purpose of this paper is to
clarify the effect of the Coulomb interactions on the
softening of the soft mode in the a-p quartz phase
transi t ion.

Some of the elastic constants of quartz have an
abnormally sharp decrease at the transition point.
Yamamoto (1974) interpreted this abnormal behav-
ior qualitatively by considering the contribution
from the soft branch as a deviation from the Landau
theory of phase transitions. Axe and Shirane (1970)
showed that the crit ical softening of elastic constants
of B quartz can be explained in terms of anharmonic
interaction between soft and acoustic modes. How-
ever, nobody appears to have explained this problem
by actual numerical calculation. Thus the third pur-
pose of this paper is to give a quantitative and micro-
scopic interpretation for this abnormal behavior by
numerical calculation of both the elastic constants
and the optical mode frequencies of quartzat25,58O,
and 600"C.
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Method of calculation

The structure and symmetry properties of quartz
were described by Barron et al. (1976). The lattice
dynamical calculation was performed using a space
group P3221 for a quartz and P6"22 for B quartz. The
temperature variation of the unit-cell dimensions is
taken from Jay (1933):  a:  4.9128 and c :  5.40454 at
25"C; a : 4.9962 and c : 5.457 A at 580'C; and a :
4.9979 and c : 5.45824 at 600'C. The temperature
dependence of the atomic parameters is taken from
Young (1962): x : 0.4152, y : 0.2678, z : 0.1184,
and u: 0.4705 aI25"C; x : 0.4153, | : 0.2133, z =
0.1527, and u :  0.4922 at 580'C; and x :  0.4137, y :
0.2068. z : 0.1667. and u : 0.5 at 600'C.

The temperature dependence of the infrared active
TO and LO frequencies and that of the oscillator
strengths of a and p quartz are taken from Gervais
and Piriou (1975), and those ofthe far infrared region
from Russel and Bell (1967). The temperature depen-
dence of the Raman active optical frequencies is
taken from Scott and Porto (1967), Bates and Quist
(1972), and Hilchli and Scott (1971). The temper-
ature dependence of the elastic constants is taken
from Atanasoff and Hart (1941) and Kammer et al.
(1948). The temperature dependence of the high-fre-
quency dielectric constants is obtained by squaring
the observed refractive indices. The static dielectric
constants of a quartz are taken from Bechmann
( l  958).

A group theoretical analysis may be carried out on
the symmetry properties of the normal modes of vi-
brations, and the dynamical matrices can be facto-
rized into block matrices using U matrices (Chen,
1967). In this study, the matrices U are chosen both
to satisfy the0x diad axis (Barron et al.,1976) for the
doubly degenerate modes E of a quartz and Et and E,
of p quartz, and to destroy this two-fold symmetry
for E' of a quartz and Ei and Ei ofB quartz.

The method of PI model calculations of optically-
active vibration frequencies of ionic crystals was de-
scribed by Yamamoto et ql. ( 1976). Aspects of the PI
model relevant to the present work are briefly given
here.

From Born and Huang (1954), a dynamical matrix
D is constructed by four constituents in the form

n : M ( F " + F c + P r a P ' t t ) M

where the notations are those of Yamamoto et al.
(1976) and M denotes the inverse-mass matrix. The
first term arises from short-range non-Coulomb in-
teractions. The second is the Coulomb interaction
part due to the undeformable ion interactions. The

third is the Coulomb interaction part resulting from

the induced dipole interactions through the electronic
polarizabil ity. The last term refers to the macroscopic
field and is dependent on the direction of the propa-

gation, whereas the first three terms are independent

of the direction of the wave propagation in the long-

wavelength l imit.
The modified Urey-Bradley force field (Shima-

nouchi, 1963), which is used in the calculation of the
non-Coulomb interaction part FN, contains the Si-O
stretching force K, the non-bonded O' ' 'O repulsive

force F, the Si-Si interactions between neighboring Si

atoms to stabil ize the Si-O-Si angles/ and the three

correction terms of the internal rotation force I, the

intramolecular tension r for the SiO, tetrahedron,
and the bond-bond interaction force p for the adja-
cent Si-O bond pairs.

The Coulomb contribution can be calculated by

means of Ewald's (1921) method. The effective
charge of an oxygen ion 26 is taken tobe -Ze, where
Z is a positive number. The charge of a sil icon ion is

obtained under the condition that the crystal is elec-
trically neutral.

The high-frequency dielectric constants e-, which

are useful to check the validity of the chosen elec-
tronic polarizabil ity values, can be evaluated in the

form (Born and Huang,  1954)

where
e € : I ' l 4 r u - L p

lip : 6"p

PoP : 2 R,Ban,

R : 0 - A Q ) - ' l

Ao1np, = \ppraoBh

lqBpn, : 6op6up,

The notat ions are those of Yamamoto et al.  (1976). u

is the unit-cell volume, Q the Coulomb coefficient
matrix and ae the electronic polarizabil ity tensor of
the kth atom. The static dielectric constants e0 are
given by (Born and Huang,  1954)

co : c- 1- 4tru-LII 'L{(sM,)X,,4,,*,,(M,S)}uo, I pl

: 6- _1_ f,Ae;

where

M"oPpp' : 6oBbPP'ZPtnP:

AaoBl: 6oBlY1

s : r+ ( I -AQ) - 'A
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Table I Experimental and theoretical optical mode frequencies (in cm r) and high-frequency dielectric constants of quartz at 25, 5g0,
and 600oC based on the pI model

ExlErimental

58o 'd  spec ies

Theoretical

Species 25"c4 6ooocb 250c

s c B c

250C 580 0c

Present work

n 1
I

3

A 1"27

4

A 1

2

3

A

o ^  r
1

2

3

5

o

7

I

F I
"L

2

3

5

6

7

d

l 07r

777

495

3 6 3 . 5

t229

790

s 5 1 . 5

346.7

1158

1055

797

695

450

265

t28

I15  5

I226

8 r0

697 .6

510

402

265

128

2 . 3 A 6

2 . 4 L 5

LO72

464

350

1064 .  5

7 7 7

4 3 6 . 5

385

12 30

781

52A

397

rt5 5

1060

7 8 1 . 5

680

4 2 L . 5

400

243

98

1154

L22e

797

681

494.5

403 .7

243

98

2 . 3 5 0

2 . 3 7 3

81 1

A l  I

81 2

81  3

Azr I
Bzr r
Azr 2
Bzr 2

A2L I

Bzr, I

Azr 2
Bzz 2

Ezr t
Etr I
Elr 2
n 2-27

Etr 3

Ezr 3
Ezr 4
Elr 4

Ezr r
E1r I
Eu, 2
Ezz 2
Elz 3

E ' "-2L

E2t 4

Elz 4

/1( r o 7 2 ) *

464
d

(  350 )  
*

( 3 0 ) * ' -

r061
.7

( 7  7 7  t '

4 3 5
s(38s ) *

I 227

5 2 7

1  155

105 7

779

680

420

400

2 4 3

98

t223

7 9 6 . 5

492

98

z -  5 ) 5

2 . 3 7 7

L I 2 7  . 3

4 7 4 . I

3 7 5 . 0

203.9

Lr34.7

7 4 5  " 7
c ? t  /

3 7 9 . 8

1 1 5 3 . 4

754 .A

545 .  5

388  . 0

1086 .9 '

r l 3 5 . 2 J

7 7 5 . O

494.6

3 7 8 . O

256.2

1 3 6 . 3

LL54.2

1086  . 9

7 A 4 . O

668.5

5 1 r .  5

380  . 6

2 5 6 . 9

1 3 6 . 4

1 . 0

t - 0

1 0 9 5 . 9

487 .4

5 ) 2 . 6

2 L O . 4

1 0 7 3 . 0

7 8 3  . 1

5 0 4  . 4

3 5 8 . 8

1 1 3 5 . 2

7 A 4 . 7

5 0 4 . 5

3 5 8 . 9

L O 9 2 . L

1 0 7 1 .  I

795 .3

6 9 I .  I

45'1 .6

34O.2

2 5 7  . 9

1 2 8 .  I

1 0 9 2 . 0

1 1 3 1 . 3

7 9 7  . 2

6 9 L . 2

457 -A

3 8 0 . 3

2 5 A . 2

L 2 8 . 2

2 . 3 9 2

2 .4L3

r ro t .  I

4 6 3 . 8

5 J O .  I

4 3 . 0

I 0 5 3 . 9

7 5 2 . 0

445.2

4 0 8  . 8

L r 2 6 . 4

7 5 2 . 4

445.2

408. l_

1162  . 0

1059  . 9

7 8 0 . 5

6 6 7 . 7

429.6

359 .2

255 .7

9 4 . 8

1 1 6 2 . o

L t 2 7 . 5

668  . 0

429.7

3 5 9 . 3

255.A

95 .2

2 . 3 5 9

1 0 9 0 . 7

465.9

34T.9

3 0  . 9

t o 6 7 . 4

74A . ' 1

439.9

4 1 9 . 8

L L 2 7 . O

439 .7

1 1 6 1 . 9

1056  . 6

7 8 3  . 1

669.L

428.O

3 6 1 . 1

255.O

94 .8

1 1 1 6 . 5

7 8 5 . I

424.3

94 .4

2 . 3 5 7

2 . 3 7 7

r085

464

356

207

a: Dafo. at'e f?om Gez'uais & Pirtou (1975), eucept A1 modes data uhich ay,e fron Scott & potto (1962).

b: Data are ft'om Gev'xais & Piriou, encept A1 modee and the tao Louest E nodes data uhich az,e from Bates & euist
(L972). c: Stz"Leflez' & Barsch (1975). d: Ty'pse oalues are used for a Least-squa.z,es fit arnlysis.
e: These oalues are estinated fron Fig. 1 of HbchLi & Scott (1971). f: Coz,z,ected. assignment. Fy,om the
nagnitude of obtained ro-Lo splittings by them, their assignrnent seems l;o be urong.

The subscript t identifies the transverse mode, and the
summation with respect to i is extended over the
infrared active modes. X is the atomic displacement

of the normal mode of vibration, )\ the eigenvalue,
and Ac; the oscil lator strength of the 7th vibration.
The first term, e -, is the contribution of the ultravio-
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K

F

f
T

K

p

z ^

(rr(O)

dt (O)

X

ndyn/A

mdyn/A

ndyn,/A

mdlm. A

mdyn. A

ndyn,/A

e

B

4.5696

0  . 6 4 0 9

0 . 4 8 2 0

0 . 0 0 1 1

o . 2 0 2 4

- 0 . 3 7 0 8

- 0 . 3 4 9

1 .  3 7

1 .  3 8

1 . 6 9 * *

4.9606

0 .546 r

0 . s 1 9 2

0  . 0005

o.234A
-0 .039 r

-o .  335

r .  3 7

r .  38

2 . 5 2

4.9666

0.  5409

o . 5 2 2 4

0 . 0 0 3 2

o . 2 4 6 2

-o .0026

- 0 .  3 3 5

1 . 3 7

1 .  3 8

2 . 5 6

constant (PED)fl 1.x and the change in the internal
coordinates due to the Elastic stress have also been
calculated by the method of Yamamoto et al.
(1974a). The short-range parameters based on a
short-range (SR) model have been refined by the
least-squares fit both to the observed optical mode
frequencies and to elastic constants (Yamamoto el
al., 1974b).

Results and discussion

E I e ct ronic p olarizabilit ies

The least-squares fit has been carried out to obtain
the best fit between the observed and calculated opti-
cal mode frequencies by changing the effective charge
and six short-range interaction parameters. The elec-
tronic polarizability of a silicon ion as1 is assumed to
be isotropic and fixed at 0.02As according to Tess-
mann et al. (1953). The electronic polarizability of
an oxygen ion a6 is determined to reproduce the
obtained high-frequency dielectric constants. In
Table I the optical mode frequencies and the high-
frequency dielectric constants, eT and ef1 , are com-
pared with the experimental data at 25, 580, and
600'C. The calculated results for a quartz of Striefler
and Barsch (1975) are also listed in Table 1. The
obtained model parameters for the best-fitting model
are shown in Table 2.The model presented here fore
quaftz gives considerably improved agreement for
the overall optical frequencies and moderately im-
proved agreement f,or the TO-LO splitting for the
stretching vibration mode as compared with Striefler
and Barsch's RI model and Barron et al.'s E3(RI)
model. The obtained small effective charge of
-0.349e for the oxygen ions apparently confirms the
weak ionic bond. nature in quartz, and the present
value is only a little smaller than the value -0.472e of
Striefler and Barsch and is almost the same as the
value of -0.35e of Barron et ql., in spite of their
neglecting the electronic polarizabilities. The ob-
tained electronic polarizabilities a1'(O) : azz(O)
[designated as o'(O)] : l.37As and ass(O) [desig-
nated as arr(O)] : 1.38,{8 for a quartz are smaller
than those of ao : l.7As reported by Tessmannet al.
(19s3) .

207cm-1 soft mode Al

The contribution of the potential energy term to
the potential energy at 25, 580, and 600'C is pre-
sented in Figure l. At 25'C, the strong stretching and
repulsive forces, K and f', contribute mainly to the
potential energy of the soft mode Ai. On the other

* 
f,ongLtudirnl optical node frequencies a?e not included

in the qrcLity-of fit pdrmeter.
rr strie|Ler & Barschts nodel lms the ualre 4.86.

let and the second,)rAe7,of the infrared polarization.
The elastic constant has been calculated by the

method established by Shiro and Miyazawa (1971).
The contribution of the potential term to the elastic

t_J-il_
i F l Y r g Z  f F l l 3 p 2  f F l v B D Z

ef rl r,'e'i

Table 2. Parameter values of quafiz at 25, 580, and 600'C in the
best-fittins PI model

Paraneter Units 6000c

rl
l l

Fig. l. Contribution (percent) of potential terms in the

theoretical frequencies of l, species of quartz at 25, 580' and

600'c.
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species

Table 3. Experimental and theoretical (pI model) oscillator
strength (A,r) of quartz at 25, 580, and 600.C

in Table 3. The magnitude of the calculated oscillator
strengths of the present PI model is five or eight times
smaller than the experimental values. The theoretical
oscillator strength ratios among modes and temper-
ature dependence are, however, in fairly good agree-
ment with the experimental ones.

The theoretical static dielectric constants in the
present model are compared with the experimental
data (Gervais and Piriou, 1975) and the results of
Striefler and Barsch in Table 4. In Table 4 both sides
of the Lyddane-Sach-Teller (LST) relation

(,'t"")l
(rtoX

are also given to check the correctness of the calcu-
lated static dielectric constants by using the present
PI model. As was expected from the small value of
the calculated strengths and the small magnitude of
the calculated TO-LO mode splittings, the theoreti-
cal static dielectric constants are very small compared
with the experimental ones. On the other hand, the
static dielectric constants calculated by Striefler and
Barsch interpret the experimental values better than
the present PI model, in spite of their neglecting the
electronic polarizability. Their calculated results,
however, do not satisfy the LST relation. As is well
known, the static dielectric constants are divided into
"high-frequency" contribution related to the elec-
tronic polarizabilities and "oscillator strengths" con-
tribution related to TO-LO splittings. In the case of
eo of a quartz, for example, the former is 2.415 and
the latter is 2.225, respectively. Striefler and Barsch's
model neglecting the electronic polarizability neces-
sarily gives the "high-frequency" contribution the
value 1.0. Their dielectric constant e0 : 3.94, there-
fore, means that the "oscillator strensths" contribu-

Table 4. Experimental and theoretical dielectric constants and
both sides of LST relation of a ouartz

Experirental* Theoret ical
p r e s e n t w o r k  s & B * *

Experimental

580 'c  sPec ies  600oc

Theore t ica l

250C 580.C 600"c

A2r  1

'27 -

A2r '

Bzr '

"2? -

- 1 ?  '

- 1 r  '

E2T t

- 1 T  -

"2r '

Ez? 4

E1r n

^27

25.C

Er

I  0 . 6 6  0  . 1 4

2  0 . 1 1  0 . 0 3 3

4  0 . 6 7  0 . 4 0

I  0 , o 1  0 . 0 0 3

2  0 . 6 5  0 . 6 9 5

3  0 . 1 1  0 . 1 3

4  0 . o 2  0 . 0 1

5  0 . 8 3  1 .  3 0

6  0 . 3 3  0 . 2 2

7  0 . 0 5

I  0 . 0 0 0 6

o . 7  3  0 . 0 9 6

0 . 0 0 0 5

f . 5 8  0  . 1 2 5

o . I 3 2

o . o o o 5

0 , 5 9 5  0 . o 9 2

0 .  1 4 s  0 .  0 0 0 9

0 , 0 0 1 6

1 .  3 0  0  . 1 9 4

o . o 3 5

o  . o 2 2

0 . 0 0 4

0  . 1 1 4  0 . 0 9 8

o . o 0 0 2

o . 2 3 0  0  - 2 5 5

0 . 0 4 3

0 . 0 0 0 2

0  . 1 0 5  0 .  o 9 9

o . o o 2  0 . 0 0 3

o . 0 0 0 0

o  - 2 4 4  0 . 2 4 5

0 . 0 0 9

o . 0 0 9

0 . 0 0 1 4  0 . 0 3 1

Data a?e f?on Genais & pir4ou (1925), ercept the k)o Louest E nodes,

uhieh are f"m Rusael,  & BeLL (196?).

hand, at 600'C, the weak internal rotation force Y
and Coulomb interaction part contribute to potential
energy in the soft mode lf and, moreover, the latter
contributes negatively. The potential energy of the
soft mode li at 580'C has the mix character between
that at 25" and that at 600'C. The short-range force
constant, the "dynamically effective" ionic charge
and the "dynamically effective" electronic polariza-
bil i ty at 25oC are only a l itt le different from those at
580 and 600"C. The contribution of the strong
stretching repulsive forces to the potential energy,
however, decreases in contrast to the increasing con-
tribution of the weak internal rotation force )/. The
frequency of the soft mode decreases as a whole by
th is  ef fect  of  the shor t - rangb interact ion par t  ( l ish i
and Yamaguchi ,  1975).  The mode sof tening is  a lso
attributed largely to the Coulomb interaction part,
whose effects become negative while softening. The
latter effects were found for the first t ime by consid-
ering the electronic polarizabil ity of ions. More de-
tailed explanation of the mode softening of the soft
mode,  of  course,  requi res expl ic i t  inc lus ion of  anhar-
monic effects. The neglect of anharmonic effects
shows the l imi tat ions of  the oresent  model .

Oscillator strengths and dielectric constants

The infrared-active mode oscillator strengths,
which are related to the TO-LO splittings, are also
evaluated to examine the appropriateness of the nor-
mal modes of vibrations and the model parameters
determined in the present work. The calculated oscil-
lator strengths are compared with the observed data

::: +

e o

e o

n@rc\ ' t  E
; , " , - - \2
" ' -?o' i  ^zu

ei /ea

4 . 4 3

4 . 6 4

I  O t

1 . 8 6

L . 9 2

2 . 7 7

2 . 7 2

1 .  1 3

r . 1 3

I .  1 4

1 . 1 3

3 . 9 4

1 . 1 5

1 .  1 6

I  . 6 5

1 . 5 3

* 
cenais & Ptriou (1925). ^^ 

SttLenet & Btrsch (1925).



Table 5. Theoretical optical mode frequencies* (in cm-t) of
quaftz at 25, 580, and 600oC based on the SR model
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Table 7. Parameter values of qtaftz aI 25, 580, and 600"C in the
best-fittine SR model

Parameter* 25"C 5 8 0 0 C
species 580"C Species

A" 1 I

2

3

I

2

3

4

A"2r

t r
"T

2

3

4

5

7

8

Lr26.6

490.2

3 5 3 . 0

2 0 8 . 9

1 1 1 8 .  0

73r .9

5 0 1 .  6

3 6 7 . 7

1 1 3 0  . 4

t 1 r 3  . 8

7 3 6  - 6

463.6

3 '13  .3

252.7

1 3 1 . 0

LL29.3

4 7 2  . 3

3 3 6 . 5

4 2 . 7

1108 .2

6 8 7 . r

449.7

407.6

r t 7 3  . 9

1 1 0 9 .  3

7 0 9 .  3

6 2 2  . 7

424.O

3 7 1  . 1

255.7

1 0 0 . r

B- 1 r

At r

B1r
R" 17

I

I

2

3

Azr 1

Bzr r

Azr 2

B2r 2

Ezr 1

E1r I

E u 2

Ezr 2
R A- 1 r

"27
Ezr 4

Eu 4

1 1 3 8 . 9

4 3 9 . !

34 I .7

3 0  , 6

1 1 1 6 . 9

642.5

452.5

1 0 5 8 . 2

IIIT .2

7 L 6 . 2

5 9 8 ,  5

4 2 6 . 7

365.4

2 4 A . I

9 7  . 5

4 . r ) . 4 3
o . 6 3 7 7
o.4099
o .0000
o . 2 2 9 2
0  . 0 0 0 2
4 . 0 r

4 . ia65
o  . 5 8 5 0
0  . 3 9 1 8

- 0 . 0 0 0 3

o . 2 5 t 6
o . 2 0 6 4
5 . 5 4

3 . 7 4 7 2
o.5624
0 . 3 4 3 0
0 . 0 0 0 7
o . 2 4 4 3

-o .2750

6  . 5 5

K
F
f
v
K

p
x**

Erpez"LmentaL dal;a are shoum in TabLe 1.

tion in their model amounts to the large value 2.94.
This value 2.94 seems too large when we consider the
very small magnitude of their calculated TO-LO
splittings.

According to Szigeti (1949), the infrared polariza-
tion term in the static dielectric constant equation
contains two factors,

/ e -  +  2 \ '
\ 3 t

and s2, which are not present in Born's equation. The

Lln'Lts are the sme to Table 2.
ffie not included in the qmlLty-of-flt parmeter.

"s" represents the short-range interaction of elec-
tronic and atomic displacements, while the factor

( e -  +  2 \ ' z
\ 3 /

appears because the long-range interaction does not
vanish when it receives transverse waves. The large
discrepancy between the theoretical static dielectric
constants in the present study and the experimental
ones might be caused by ignoring these two factors.

Elastic constants

The theoretical optical mode frequencies obtained
by the least-squares fit of both the elastic and the
optical mode frequencies based on the SR model are
listed in Table 5. The theoretical elastic constants are
compared with the experimental results in Table 6.
The theoretical best-fit short-range parameters are
given in Table 7.

Of the various changes in physical properties asso-
ciated with the a-B qrartz phase transition, the most
striking occurs in the elastic constants, as is shown in
Figure 2 (Yamamoto, 1974). The Jacobian matrix

Elqstl:c constants

Table 6. Experimental and theoretical elastic constants (in l0'o dyn/cm'z) of quartz at 25, 580, and 600"C based on the SR model

Experimental

2 s " c *  5 8 o o c *  6 0 0 o c * * 250C
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o o
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a  t ?  1
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6 1
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2 A
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1 3 6  4 ' t . 2 ( 4 1 )  +  3 3 . 8 ( E )  =  8 I . 0

I24  64 .0(41 ' ,  =  64 .0

3 8 . 6  4 e . 6 @ )  =  4 a . 6

3 8 . 6  4 8 . 6 ( E ' \  =  4 8 . 6

5 I . 6  3 3 . 8 ( E ' )  =  3 3 . 8

3 3  4 7 . 2 ( 4 1 )  -  3 3 . 8 ( d )  =  1 3 . 5

4 a  r r . 8 ( 4 1 )  =  1 1 . 8

r 3 . 9 ( E )  =  1 3 . 9

L 7 . 5 ( A 1 )  +  4 r . 8 ( E )  =  5 9 . 3

6 4 . 8 ( A 1 )  =  6 4 . 4
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Fig. 2. The temperature dependence of the elastic constants of
quartz. Data are from Yamamoto (1974). The elastic constant C."
was calculated from the equation of C66 : l/2(Cr, - Crr).

elements at 25, 580, and 600oC, i.e. the partial deriva-
tive of elastic constants with respect to force con-
stants, are listed in Table 8. This table shows that the
Jacobian matrix elements of the elastic constants Crr,

Table 8.  Jacobian matr ix  e lements ( in l0 8A- ' ) ,  i  e,  the part ia l
derivatives of elastic constants with respect to force constants of

quaftz at 25, 580, and 600"C
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Table 9. Contribution (percent) of potential terms to the
theoretical elastic constants of quartz at 25, 580, and 600oC

c l t cucrsc lzc-.cqqc - -

N

E 8 0
:
c

e60
o
b
; 4 0

2 5 0 C
X
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f
v

p
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r . 7  0 . 5  4 . 2  0 . 9
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r . 4  0  - 2  5 . 6  1 . 9
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1 . 9  - 1 1 . 8  r 0 . 3  5 . 0
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1 2 0 .  r  - 2 5 6 . 2  1 3 7 . 8
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2 0 29. '7
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6 6 . 4  3 8 . 1  9 2 . 9  3 9 . 2  4 4 . 8
r 3 . 9  3 4 . 7  2 . 4  2 4 . 4  2 0 . O

0 - 0  9 . 0  0 . 0  0 , 0  0 . 0
- 7 . O  L 3 . 2  2 . 4  - 9 . 6  - 2 . 4
- 7  . 4  0 .  3  - 0  . 1  - 1 3  .  I  - 1 0 . 5

cqeclr c" - c -^ clz c1a c" ,

Crr, C,.", and Cls with respect to the internal rotation
force X are extremely large at 580"C. This fact is
attributable to the negative elastic constant value of
Cr" and Crs and to the decrease of the values of C'1
and C3a, because the internal rotation force is very
weak but negative (Table 7) at 580"C.

The contribution of all the potential terms to the
calculated elastic constants (PED)!;,,, is shown in
Table 9. The O.. .O repulsive force F and the Si-Si
interaction force / contribute mainly to the elastic
constants Crr, Cr", Crr, and Cr" at25 and 580oC. On
the other hand, the strong Si-O stretching force K
contributes considerably to them in addition to the
repulsive force F at 600'C. The particular behavior of
the elastic constants Crr, Cr", Crr, and Ctr, which

Table l0 Change of internal coordinates (in A,/mdyn)* due to
elastic stress of quartz at 25, 580, and 600oC
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decrease critically at the transition point and increase
rapidly in the B phases (see Fig. 2), is attributed to
this large change of the contribution of the potential
terms to the elastic constants. The contribution of the
potential terms to the elastic constants Cnn and C"r,
on the other hand, is always almost the same. Both
elastic constants vary only a little through the phase
transformation, as is also shown in Figure 2.

Table l0 shows the change in the internal coordi-
nates due to unit elastic stress of quartz. Except in the
E mode the internal rotation coordinate becomes
surprisingly sensitive to the S"", Snn, S",, and S""
stresses at 580'C. The internal rotation coordinates
at 600'C are sensitive only to the stress S"r. There is a
large variation of the thermal expansion coefficient in
the vicinity of the transition point (Fig. 4 of Yam-
amoto, 1974). This variation may bring about the
stress in the quartz structure near the transition
point. We conclude now that the sensitive phase tran-
sition between the a phase and the B phase is caused
through the sensitive Ei mode internal rotation
coordinates due to stress S,".
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