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Ansrucr

The atomic displacement parameters (ADPs) obtained from published refinements of
silicate crystals measured at or below room temperature are examined to determine if TOo
(T : Al,Si) tetrahedra display rigid-body thermal motion. In many cases, the correlation
found among the ADPs is consistent with the TLS model of rigid-body motion. For these
data, the translational motion is described by the ADPs of the central T atom, whereas
both librational and translational motion are displayed in those of the surrounding O
atoms. The libration angle for rigid tetrahedra is quadratically dependent on the difference
between the isotropic equivalent displacement parameter of the T and O atoms, B"n(T)
and -B"o(O), respectively. The value of B*(O) is on average twice that of B*(T), with an
observed maximum value of -2.0 L'. Variation in the observed Si-O bond lengths of
rigrd tetrahedra in the silica polymorphs is related only to the fractional s-character of O,

l(O). ADPs that do not indicate rigid-body motion for a given tetrahedron may be used
to identify crystals containing disorder or suggest problems with the refinement'

INrnolucrroN sured by X-ray diffraction for experimental evidence to

For our purposes, a rigid body consisr, "r " ql::l_:r "ifl*,'lXffi*'.}.}11?ff:H:oiofiil\1";"",,"",,
atoms that maintain constant inleralomic separations re- ' '.'-""'

gardless of any displacement of its atoms. Therefore. rig- ::]| ":J:c.t:t::-Y:1:t].1^i^::1":T:,1t^:":1':i^:
id-body motion requires that the molions of all the ii- ::l:t":i:'i-e-ano-space-averageo 

orspracements oI an

dividuar atoms of the group be correrared oorll'so., 
'r'izo). 

;frT,Ji,H:'-H:l ff:lJl"&l:lJ sJ;J1"1'1jil3:ffiJ
The terms "rather rigid" and "quasi-rigid" have been :"'".-: '^"".
used to describe the vibrational motion or sio. t"t.uil- folse! 

?n ,the 
difference displacement parameter' aAB'

dra in quartz (Liebau and B6hm, 19821, ani ;;;;r t^"itl:t:d 
l"ng 

the veclor between two adjacent atoms'

models have assumed rigid tetrahedra to describe the a-B A ano r'' wnere

phase transition (Megaw, 1973; Boysen et al., 1980; Lie- Ln": z2"o - z2ou
bau and Biihm, 1982; Ghose ei al., 1986). Grimm and
Dorner (1975) used a bonding model based on sp3 o- 

: lvll*lD(U' - U")Dllvl-

orbitals to infer that the tetrahedra in quartz are rigid. I
Rigid tetrahedra have also been assumed in lattice dy- : -- [vJh(0u - 0")[v]-
namical calculations (for instance, Rao et al., 1988) and 

zr'

bond-length corrections (Ghose et al., 1986; Downs et al., and zlnand z2nu are the respective mean-square-displace-
1992). Computer models for silica have been constructed ment amplitudes (MSDAs) of B toward A and of A to-
assuming rigid tetrahedra (Stixrude and Bukowinski, ward B, [v]- is a unit vector parallel to the AB direction
1988). Here, we examine the vibrational motion mea- defined in terms of the reciprocal basis 2* : 1n*,b*,c*),
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B" (or U") and BB (or U") are the ADP matrices (or tem-
perature-factor matrices) for A and B, respectively; and
D is a diagonal matrix containing the magnitudes of a*,
b*, and c*. Not only can Aou provide a measure of relative
internal motion between atoms A and B (Dunitz et al.,
1988), but it also provides a measure of the spin state for
transition metals (Chandrasekhar and Biirgt, 1984) and
the Jahn-Teller deformation of Cu complexes (Biirgi,
1984), and it has been used to detect errors in structure
refinement models and in published results (Hirshfeld,
1976; Trueblood, 1978; Dunitz et al., 1988; Kunz and
Armbruster, 1990). In framework silicate and alumino-
silicate crystals, the average of the four Aro values for a
given tetrahedron, (Aro), provides a measure of position-
al and structural disorder (Kunz and Armbruster, 1988,
1990; Downs et al., 1990). Large values ofA*o recorded
for pyrope (X : Mg), almandine (X : Fe), and andradite
(X : Ca) have been taken as evidence for positional dis-
order or rattling-type motion of the X atom (Armbruster
and Geiger, 1993). Downs et al. (1990) also found that
the average vibrational motion between the T and O at-
oms in framework silicates is consistent with a rigid
T-O bond.

As a test of the assertion that TOo tetrahedra behave
as rigid bodies, the ADPs of the T and O atoms in TOo
groups obtained from refinements of silicate structures
are examined for experimental evidence consistent with
rigid-body vibrational motion. This is accomplished by
measuring the agreement between the observed ADPs and
those calculated using the TLS model of rigid-body mo-
tion (Schomaker and Trueblood, 1968). The tetrahedral
groups are examined for correlated motion represented
in the sizes, shapes, and orientations displayed by the
ADPs of the atoms in the group. The analysis is com-
pleted by examining the applicability of the rigid-body
hypotheses to the ADP data and the constraints placed
on the data by rigid-body motion.

Dlu srr,BcrroN AND EvTDENCE oF RrcrD T-O soNDs
IN NONFRAMEWORK SILICATES

In an examination of the relationship between z2o, and
z2ro in ftamework silicate crystals, Downs et al. (1990)
found that the ADPs determined for crystals free of static
disorder are consistent with rigid T-O bond vibrational
motion. If the forces that govern the geometry of TOn
tetrahedra are short ranged (Gibbs, 1982), then the T and
O atoms of tetrahedra in all silicate structures should ex-
hibit similar vibrational motion. Therefore, the Aro val-
ues determined for nonframework silicates should rep-
resent vibrational motion consistent with that found for
ordered framework silicates. For such structures, Downs
et al. (1990) proposed criteria to identify rigid T-O bond
behavior on the basis of the distributional properties of
((Ar")), the average ofall the (Aro) values in a structure.
On the basis ofthese criteria, they concluded that about
one-third of the structures examined display rigid T-O
bonds. However, about 130 ofthe 670 individual Aro

values in their study exceed their allowed maximum de-
viation from zero (+0.0015 A'). Therefore, in this study
more restrictive criteria are used that are based on the
(Aro) values rather than values from the ensemble of
tetrahedra. The revised criteria are (l) -0.00125 A'z <
(A,o) = 0.002 A'z and (2) the estimated standard devia-
tion of (Aro) < 0.00125 A'. Nonframework tetrahedra
that satisfy these criteria would provide evidence ofrigid
T-O bond vibrational motion similar to that found in
framework silicates. These criteria also provide a mea-
sure of both the relative perfection of the crystal and the
physical acceptability of the results provided by the re-
finement (Hirshfeld, 1976;Dunitz et al., 1988; Kunz and
Armbruster. 1990: Downs et al.. 1990).

The criteria were first applied to 469 silicate tetrahedra
obtained from refinements of framework structures with
difraction data collected at standard conditions (Downs
et al., 1990). The analysis indicates that35o/o (166) of the
469 tetrahedra satisfy both criteria and qualify as dis-
playing rigid T-O bonds. Of the 357 tetrahedra in non-
framework structures obtained for this study (Appendix
l), 500/o (186) satisfy both criteria. Thus, there is addi-
tional evidence provided by the ADPs from nonframe-
work silicates to support the assertion that the T-O bond
vibrates like a rigid rod (Downs et al., 1990). The rela-
tively low percentages of framework and sheet silicate
tetrahedra that satisfy (l) and (2) t35 and l2o/o, respec-
tively, vs. 50-680/o for ortho-, soro-, chain, and ring sili-
cates (Appendix l)l suggest that substitutional and struc-
tural disorder is more common in these structure types.
Collectively, the ADPS for 352 tetrahedra that satisfu both
criteria appear to represent groups either from crystals
without static disorder or twinning or from refinements
that correctly modeled these effects, along with correctly
reported ADPs, and thus provide a good data set for the
study of the vibrational motion of TOo tetrahedra (Hirsh-
fe ld .1976 ) .

Rrcrn-soDy ANALysIs

In our examination of the average vibrational motion
of TO, tetrahedra, the observed ADPs for each T and O
atom were compared with those calculated using the TLS
model of rigid-body motion (Schomaker and Trueblood,
1968). On the one hand, it has been asserted by Hummel
et al. (1990) and Chandrasekhar and Biirgi (1984), for
example, that coordination polyhedra behave as rigrd
bodies if a model based on rigid motion reproduces the
experimental ADPs observed for the polyhedra to within
experimental error. In fact, several methods based on dif-
ferences between observed and calculated ADPs have been
proposed to measure how well such calculations repro-
duce a set of observed ADPs (Burns et al., 1967;, Destro
et al., 1917; Trueblood, 1978; Hummel et al., 1990). On
the other hand, as the TLS parameters obtained in a least-
squares refinement can incorporate the effects ofinternal
motions of the individual atoms, Dunitz et al. (1988)
have argued that such agreement does not necessarily
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mean that a coordinated polyhedron or a molecule be-
haves as a rigid body.

The agreement between observed and calculated ADPs
was evaluated in this study using a strategy based on that
devised by Burns et al. (1967). In their strategy, three
parameters (here referred to as ellipsoid agreement pa-
rameters, EAPs) were defined that measure the agreement
in size, shape, and orientation between the calculated and
observed thermal ellipsoids of an atom. For this study, if
the three EAPs for each of the five atoms of the TOo
tetrahedron satisfy the established agreement criteria
(Appendix 2), then the thermal motion represented by
the observed ADPs of the TOo tetrahedron is considered
to be consistent with that predicted by rigid-body motion.

Such motion implies that the vibrational behavior of
all atoms in the group is highly correlated (Johnson, 1970;
Ghose et al., 1986). However, the assumption made in
most crystal structure refinement models is that the atomic
coordinates of nonequivalent atoms and their ADPs are
independent and uncorrelated (the IAM model). Not-
withstanding this assumption, if a group of atoms is ac-
tually rigid, then the required correlated motion should
manifest itself through the relative sizes, shapes, and ori-
entations of the refined thermal ellipsoids. By applying
the EAP criteria, an observed set of ADPs can be ex-
amined for correlated motion by comparing their physi-
cal aspects (size, shape, and orientation) with the set of
calculated ADPs. The EAP method chosen here is be-
lieved to be a more robust measure of fit than that in-
volving the absolute values of observed ADPs, which can
absorb systematic errors in the diffraction data (Chan-
drasekhar and Biirgi, 1984; Biirgi, 1984; Dunitz et al.,
I 9 8 8 ; Armbruster et al., I 990). Furthermore, this method
does not rely on statistical information, which frequently
is either not provided or inaccurately provided with pub-
lished refinements (Trueblood, 1978; Dunitz et al., 1988).
The EAP method is similar in principle to the visual
methods used by Hummel et al. (1990) to study discrep-
ancies between observed ADPs and those predicted by
various models.

Each of352 sets ofobserved ADPs was regressed against
the 20 parameters required to define a general TLS model
of rigid-body motion (Schomaker and Trueblood, 1968),
using the program TLS and assuming C, point symmetry
(Downs et al., 1992). Final parameter estimates were
computed relative to the center of reaction (Schomaker
and Trueblood. 1968: Johnson. 1970). Partial t tests com-
puted for estimates of S, usually indicated a lack of sta-
tistical significance. As a result, we do not discuss the
properties of the S matrix. Nonpositive definite T or L
matrices were obtained for 39 tetrahedra. As these rep-
resent physically unrealistic results, only the remaining
313 tetrahedra were used for further analysis.

To appreciate the agreement between the observed and
calculated ADPs as they relate to the EAP criteria, draw-
ings were made of the observed and calculated thermal
ellipsoids of several TOo groups. For example, Figure I
compares a set of thermal ellipsoids of two tetrahedra
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taken from a refinement of triclinic bikitaite (Bissert and
Liebau, 1986). The agreement between the size, shape,
and orientation of the observed and calculated thermal
ellipsoids ofthe T4 tetrahedron (Fig. la) that passes the
criteria is strikingly good. However, the drawings for the
Al5 tetrahedron, which fails the criteria, show distinct
differences between the observed and calculated thermal
ellipsoids of some of the atoms (Fig. lb). Since the tet-
rahedron in Figure la passes our EAP criteria, the ob-
served set of ADPs for the T4 tetrahedron is concluded
to represent correlated motion that is consistent with that
predicted assuming rigid-body motion. The EAP criteria
calculated for the ADPs displayed in Figure lb indicate
unsatisfactory agreement between shape and orientation
for three atoms of the Al5 tetrahedron. Hence, we con-
clude that the ADPs of the A15 tetrahedron do not com-
pletely represent correlated thermal motion and therefore
are not consistent with rigid-body motion. This does not
mean that the Al5 tetrahedron is not rigid but only that
the ADP data do not show it.

Application of the EAP criteria indicates that the ADPs
of 105 tetrahedra are consistent with rigid-body molion
of a TOo group. There are several reasons why two-thirds
ofthe tetrahedra fail the EAP criteria: (l) strict applica-
tion of the criteria, such that if the ADPs of only a single
atom fail the criteria, the tetrahedron was rejected; (2)
typographical errors in the reported data; (3) O or T atom
positional disorder; (4) problems in the refinement of the
ADPs, such as systematic errors caused by inadequate
correction for extinction, absorption, etc.; and (5) nonrig-
id tetrahedra. Because a significant number oftetrahedra
from all silicate structure types pass the criteria, we con-
clude that there is sufficient experimental evidence to sup-
port the assertion of TOo rigid-body motion in silicates.

Svsrpvrlrrcs oF RrcID TETRAHEDRA

The 105 tetrahedra that pass the EAP criteria are listed
in Table l. Note that the table includes the SiOo data of
enstatite used in the rigid-body analysis by Ghose et al.
(1986). This is the only other silicate in this data set for
which an analysis has been completed. The table also in-
cludes the estimated libration angle 0,(0:r/L" +TiTT"
. 180'/zr) calculated from the trace of the L matrix deter-
mined for each tetrahedron. The 0 rarge for all these tet-
rahedra (2-7') is in good agreement with the 6-9' upper
limit for the applicability of the TLS model suggested by
Trueblood (1978).

The mean libration angle, (d), of the seven lowest tem-
perature (<20 K) data ((d) : 3.0') is significantly smaller
than the mean libration angle of the 94 room-tempera-
ture data (<0) :4.4'), indicating that the librational mo-
tion of a rigid TOo tetrahedron tends to increase, as ex-
pected, with temperature (Armbruster and Geiger, 1993).
Indeed, for the low albite and microcline data listed in
Table l, Figure 2 shows that the libration angle increases
regularly with the temperature at which the data set was
recorded. For the 13 olivine structures determined at room
temperature, <0) : 3.1', which is similar to the mean low-
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Fig. l. (a) A comparison of the observed thermal ellipsoids
ofthe T4 tetrahedron taken from a refinement oftriclinic biki-
taite (top) (Bissert and Liebau, 1986) vs. those calculated using
the TLS rigid-body model (bottom) (Schomaker and Trueblood,
1968). Note that the cutouts occur in the highest quadrant ofthe
ellipsoid. The EAP criteria indicate agreement between all five
pairs of thermal ellipsoids. (b) A comparison of the observed

thermal ellipsoids of the A15 tetrahedron taken from a refine-
ment oftriclinic bikitaite (top) (Bissert and Liebau, 1986) vs.
those calculated using the TLS rigid-body model (bottom)
(Schomaker and Trueblood, 1968). The EAP criteria indicate
disagreement in shape and orientation between three pairs of
thermal elliosoids
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TABLE 1. Tetrahedra that pass the EAP criteria (Appendix 2)

Mineral Reference Tetrahedron
Libration
angle (')

Microcline

Microcline

Microcline

Microcline
Low albite

Low albite

Low albite
Low albite

Low cordierite
Low cordierite

Low cordierite

Low cordierite

Low cordierite
Low cordierite
Low cordierite
Cristobalite
Coesite

Coesite
Coesite

Coesite

Coesite

Coesite
Quartz
Quartz
Quartz
Quartz
Quartz
Natrolite

Scolecite

Scolecite

Edingtonite

Thomsonite

Mesolite

Bikitaite
Anorthite
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Olivine
Co-substituted garnet
Zircon

Phillips (1990 personal communication), at 163 K, C1

Phillips (1990 personal communication), C1

Blasi et al. (1984), sample 78138, C1

Blasi et al. (1987), C1
smith et al. (1986), at 13 K, Cl

Harlow and Brown (1980), neutron, C1-

Harlow and Brown (1980), X.ray, C1
Armbruster et al. (1990), C1

Armbruster (1986a), from Haddam, 10OK, Cccm
Armbruster (1986a), from Haddam, Cccm

Armbruster (1986b), from Kemi6, Cccm

Armbruster (1986b), from Fetry, Cccm

Armbruster (1986b), from Sponda, Cccm
Cohen et al. (19771, neutron, Cccrn
Cohen et al ('1977\, X+ay, Cccm
Peacor (1973), ar28"C, P4,22
Levien and Prewitt (1981), C2lc

Kirfel and Will (1984), C2lc
Geisinger et al. (1987), IAM refinement, C2lc

Geisinger et al. (1 987), IAM + refinement, Czlc

Smyth et al. (1987), at292K, C2lc

Gibbs et al. (1977), C2lc
Young and Post (1962), P3,12
Le Page and Donnay (197q, nl2
Levien et al. (1980), P3,12
Wright and Lehmann (1981), at 25"C, P3212
Kihara (1 990), at 298 K, P3212
Artioli et al. (1984), at 20 K, Fddz

Kvick et al (1985), at 20 K, Cc

Joswig et al. (1984), Fd

Kvick and Smith (1983), C2,212

Pluth et al. (1985), Pncn

Artioli et al. (1986), Fdd2

Bissert and Liebau (1986), P1
Kalus (1978), P1
Miyake et al. (1987), Pbnn, CQO3I
Miyake et ar. (1987), Pbnm, Co(05)
Miyake et al. (1987), Pbnm, Co(18\
Miyake et al. (1987), Pbnn, Co(20)
Nover and Will (1981), Prncn, Fe(10) P1
Nover and Wilf (1981), Pmcn,Fq12)P2
Nover and Will (1 981), Pmcn, Fq12) P3
Nover and Wiff (1981), Pmcn, Fe\12) P4
Bostrom (1987\, Pbnm, Ni :0.0
Bostrom (1987), Pbnm, Ni :0.51
Bostrom (1987\, Pbnm, Ni :0.69
Bostrom (1987), Pbnm, Ni : 1.00
ohashi et al (1981), /a3d
Hazen and Finger (1979), I4,lamd, P: 1 atm

Si2o
Si2m
At10
S i lm
Si2o
S i l M
si20
si20
At10
s i lM
At10
S i l M
Si2M
At10
Al10
si20
T'6
At11
T'6
T'6
Tr3
At11
T'6
T'6
si,6
si,6
Si
si1
si2
si2
si1
si2
si l
si2
si1
si2
si1
Si
Si
Si
5 l

Si
AI
s i1
si2
At2
si3
si2
Ar10
AI
si1
At1
si1
si2
si3
At1
At2
si3
r4
f2ozi
J I

J I

5 l

5 l

Si
Si
D I

Si
Si
Si
Si
5l

5l

Si

4.4
4.6
5.3
5.9
5.7
c . l

5.7
5 . 5

2.8
3.5
5.0
6 3

5.1
5.0
5.3
3.2
3.0
4.0
3.9
5.7
3 .1
4.5
4.'l
3.1
4.O
7.0
4.9
4.8
4 9
4.9
4 .8
5.0
4.9
4.9
4.8
4.9
c .b
J . O

5.4
5.5
5.7

3.3
3.1
2.6
3.0
5 .1
4.8
5.0
5.6
5 . J

5.2
5.5
4.8
4 .7

7.'l
4.4
3.4
3.1
3.5
3.2
3.4
3.0
3.0
3.1
3.0
2.8
2.4
3.0
3.2
4.2
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TABLE 1,-Continued

Mineral Reference Tetrahedron
Libration
angle (')

Braunite
Chondrodite
Andalusite
Sillimanite
Forsterite
Zunyite

Zunyite
Helvite
Rosenhahnite
llvaite
llvaite
Zoisite
Kilchoanite
Epidote
Fluorrichterite
NaMnSi2O6
Enstatite

Jadeite
Acmite
LiFeSi,O6
Bavenite
Feruvite
Milarite
Searlesite
K2Sir6lsi3llloe
Brannockite
Talc
Pyrophyllite

Moore and Araki (1976\, l4llacd
Fujino and Tak6uchi (197q, nlb
Winter and Ghose (1979), Pnnm, T : 25'C
Winter and Ghose (1979), Pbmn, T : 25 "C
Francis and Ribbe (1980), Pbnm, Fo(51)
Baur and Ohta (1982), F43m, Arizona

Baur and Ohta (1 982), F43m, Colorado
Hassan and Grundy (1985), no.2, P43n
Wan et af (19771, P1
Tak6uchi et al. (1983), 2,1a, f sumo
Finger and Hazen (1987), P2,/a, Seriphos
Smith et af . (1987), Pnma, 298 K X-ray
Kimata (1989), /2cm
Gabe et al. (1973), P2,lm,HEP
cameron et al. (1983), Na, l2lm, T:24"C
Basso et al. (1989), C2lc
Ghose et al. (1986), Pbca

Cameron et al. (1973), C2lc, T: 24 "C
clark et at. (1969), c2lc
Clark et al. (1969), C2lc
Cannillo and Coda (1966), Cmcm
Grice and Robinson (1989), F3m
Sandomirskii etal (1977), P6lmcc
Ghose and Wan (1976), P21
Swanson and Prewitt (1983), T: 25"C, Pqlm
Armbruster and Oberhansli (1 988), P6lmcc, no. 1
Perdikatsis and Burzlatf (1981), C1
Lee and Guggenheim (1981), CT

5 l

5 l

JI

Si
si1
At1
At1
Si
si3
si2
si2
si3
si1
si3
T1
Si
s i1
si2
Si
Si
Si
At4
5 l

J I

si1
si4
5l

si2
si1

3.7
3.0
3.5
3.9
2.7
o.J

2.2
2.2
4.2
4.1
3.2
3.2
3.0
4 .1
3.7
4.5
3.4
3.3
3.0
3.5
3.6
5.0
5.2
4 .8
6.8
6.0
4.3
6.0
4.0
4.3

temperature (<20 K) libration angle found in framework
structures, (d) : 3.0'. Restricted librational motion of a
rigid tetrahedron in olivine may be ascribed to the ap-
proximate hexagonal close packing of O atoms in this
structure. It is noteworthy that the tetrahedra in coesite,
qluartz, and cristobalite exhibit increasing (d) values of
4.9, 5.6, and 7.0o, respectively, at room temperature.
This is consistent with the observation that the more open
and less dense the framework structure, the greater the
librational motion of a TOo tetrahedron (Downs and
Palmer, 1994).

The mean Aro (:0.00040 A') observed for those tet-
rahedra that are consistent with TLS rigid-body motion
is very similar to the values (A*o) : 0.0004 A, and (Ao,o)
: 0.0005 A' reported by Kunz and Armbruster (1990)
for completely ordered SiOo and AlOo tetrahedra in low
albite. In addition, 97o/o of the Aro data fall within
+0.0015 A', the range suggested by Downs et al. (1990)
for rigid Si-O bonds in quartz, cristobalite, and coesite.
Because there is no reference atom for a given pair ofO
atoms, O, and Or, Aoo is computed as Aoo : lzL,o, -

2f,,o, l. Note Ihat 99o/o of the Aoo values fall within the
0.003 A'? Hmit suggested by Biirgi (1984) for a rigid bond
in transition-metal complexes.

Itvrpr.rc.lrroNs oF RrcIrFBoDy MorroN FoR ADPs

Recently, Downs ef al. (1992) found that the isotropic
equivalent of the translational motion matrix, T"o(SiOo),
is equal to ,B"o(Si), suggesting that the ADPs of the central
Si atom represent the translational motion of the tetra-

hedron. Using the EAP method presented here (Appen-
dix 2), a direct comparison is made between the ADPs
of the central T atom and the translational motion rep-
resented by the T matrix determined in the rigid-body
analysis. A narrow range ofEAP values is found for the
104 tetrahedra that are consistent with TLS rigid-body
motion, indicating a general agreement between the es-

7 .00

6 .00

5 0 0

.T\

4 .00

3 0 0

2 . 0 0

Ie rnpera ture  (K)

Fig. 2. Libration angle, d ('), vs. temperature (K) at which
the intensity data were collected for the low albite and microcline
tetrahedra consistent with TLS rigid-body motion (Table 1).
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00000 tow A bi te
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Fig. 3. Libration angle, d ('), vs. 6, (4'?), defined as 8""(O) -
B*(T), for the 104 tetrahedra with vibrational motion consistent
with TLS rigid-body motion. The regression equation computed
for these data is 0 : 1.5 + 11.268* - 5.163_ (R, : 0.95).

timated T matrix and the ADP matrix for the T atom.
However, a much wider range of EAP values is found for
the remaining 209 tetrahedra. Consequently, for a TOo
tetrahedron consistent with TLS rigid-body motion, the
ADPs of the central T atom represent, in large part, the
translational motion of the tetrahedron with little or no
Iibrational component.

If the ADPs of the central T atom embody mostly
translational motion of a librating rigid tetrahedron, then
those of its coordinating O atoms must embody this same
translational motion plus additional librational motion.
This would suggest that the thermal ellipsoids of O atoms
of a TOo tetrahedron should be larger than that of the
central T atom (Downs etal., 1992). Thus, by subtracting
,B"o(T) from the average ofthe four O isotropic equivalent
displacement parameters, -B""(O), the difference, 6r* [Dr*
: B*(O) - B"o(T)1, should be positively correlated with
the librational motion of the tetrahedron as displayed in
Figure 3. A regression analysis indicates that 950/o ofthe
variation of 0 can be explained by a quadratic model
containing D]*. This result supports the observation that
the refined thermal ellipsoids of the O atoms are larger
than those of the central T atom in a rigid TOo tetrahe-
dron, not only because the O atoms are lighter than the
T atom, but more importantly because they contain
translational and librational motion of the tetrahedron
(Downs et al., 1992).

Figure 4a shows considerable scatter in B*(T) vs. ,B*(O)
values for the 722 tetrahedra that fail criteria I and 2,
the EAP criteria, or both (Appendix 2). The wide scatter
of 4""(O) values is consistent with that observed by Bois-
en et al. (1990). For the 104 tetrahedra considered to be
consistent with TLS rigid-body motion (represented by
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Fig. 4. (a) 8""(T) (A') vs. 8""(O) (A) for tetrahedra that fail

rigid T-O bond criteria (1 and 2), EAP criteria, or both (Appen-
dix 2). (b) .B."(T) (A') vs. B*(O) (A') for tetrahedra that pass all
criteria.

dots in Fig. 4b), there is a more limited range of B"n(T)
and.B*(O) values. The maximum value of ,B"o(O) is -2.0

A'and is within the range [B(O) = 3.0 A'z] suggested by
Boisen et al. (1990) for B(O) values free of static disorder.
The maximum value of B*(T) consistent with rigid T-O
bonds is about 1.0 A', which may be taken as a limiting
value for ,B.o(T) in structures free of static disorder at
standard conditions. A linear regression analysis indi-
cates that 8""(T) is on average one-half of B.o(O), with
740/o of the variation in B*(T) explained in terms of a
linear model containing B.o(O).

The coesite data listed in Table I constitute most of
the room-pressure data set used by Boisen et al. (1990)
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in their study of Si-O bond-length variation in coesite.
They found Ihat 840/o of the variation in d(Si-O) is ex-
plained by a linear regression model that includes the
parameters, l(O) : l/l - sec(SiOSi)1, P, l(SD, B(O),
and,B(Si). Using only the coesite refinement data in which
both tetrahedra satisfy the EAP criteria and excluding P
as a regressor variable, a step-wise regression involving
the remaining four parameters indicates that the best (best
in terms of R'z and mean-square error) regression equa-
tion involves only l(O) [d(Si-O) : 1.75 - 0.3131(O)].
In fact, 900/o of the variation in d(Si-O) for the satisfactory
coesite data is explained by the parameter l(O) alone.
Similarly, the best regression for all of the silica poly-
morph data listed in Table I in which all tetrahedra sat-
isfy the EAP criteria also involves only l(O) [d(Si-O) :
1.75 - 0.304I(O)1. Liebau (1985) asser-ts that a l inear
relationship between d(Si-O) and B(O) for the silica poly-
morphs is obtained when the B(O) data contain static
disorder. A test ofthis assertion indicates there is no lin-
ear relationship between d(Si-O) and 8""(O) for the silica
polymorphs. This supports our assertion that tetrahedra
consistent with rigid-body motion are free of the effects
of static disorder.

AcxNowlnocMENTs

The National Science Foundation is thanked for providing support for
this work with grant EAR-8803933. The reviewers are also thanked for
suggestions that led to the improvement of this manuscript.

RnrnnrNcns crrED
Armbruster, T. (1986a) Crystal structure refinement and thermal expan-

sion ofa Li, Na. Be-cordierite between 100 and 550 K. Zeitschrift fiir
Kristallographie, 17 4, 205-217

-(1986b) Role of Na in the structure of low-cordierite: A single-
crystal X-ray study. American Mineralogist, 71,746-757

Armbruster, T., and Geiger, C.A. (1993) Andradite crystal chemistry,
dynamic X-site disorder and structural strain in silicate garnets Eu-
ropean Joumal of Mineralogy, 5, 59-7 1.

Armbruster, T., and Oberhiinsli, R (1988) Crystal chemistry of double-
ring silicates: Structures of sugilite and brannockite. American Miner-
alogrst, 73, 595-600.

Armbruster, T., Biirgi, H.B., Kunz, M., Gnos, E., Brtlnnimann, S., and
Lienert, C. (1990) Variation of displacement parameters in structure
refinements of low albite. American Mineralogist, 75, 135-140.

Artioli, G., Smith, J Y., and Kvick, A (1984) Neutron diffraction study
of natrolite, Na,Al, Siroro.2H,O, at 20 K. Acta Crystallographica, C40,
l  658- r  662.

Artioli, G., Smith, J.V., and Pluth, J.J. (1986) X-ray structure refinement
of mesolite. Acta Crystallogr aphica, C42, 9 37 -9 42

Basso, R., Lucchetti, G., and Palenzona, A. (1989) Crystallographic and
crystal chemical study on a natural C2lc ordered Na-Mn-clinopyroxene
from Val di Vara (Northem Apennines, Italy). Neues Jahrbuch fiir
Mineralogie Monatshefte, 59-68.

Baur, W.H., and Ohta, T. (1982) The Si,O,u pentamer in zunyite refined
and empirical relations for individual silicon-oxygen bonds Acta Crys-
tallographica. B38. 390-40 l.

Bissert, G., and Liebau, F. (1986) The crystal structure of a triclinic bik-
itaite, Li[AlSirOl HrO, with ordered Al/Si distribution Neues Jahr-
buch iiir Mineralogie Monatshefte, 241-252.

Blasi, A., Brajkovic, A , De Pol Blasi, C., Foord, E E, Martin, R.F., and
Zanazz\ P.F. (1984) Structure refinement and genetic aspects ofa mi-
crocline overgroMh on amazonite from Pikes Peak batholith, Colora-
do, U S.A. Bulletin de Min6ralogie, 107, 4ll-422.

Blasi, A., De Pol Blasi, C., andZ,anazzi, P F (1987) A re-examination of

68'7

the pellotsalo microcline: Mineralogical implications and genetic con-
siderations. Canadian Mineralogist, 25, 527 -537.

Boisen, M B , Jr, and Gibbs, G.V (1990) Mathematical crystallography
In Mineralogical Society of America Reviews in Mineralogy, 15, 406 p.

Boisen, M.B., Jr, Gibbs, G.V., Downs, R T, and D'Arco, P. (1990) The
dependence ofthe SiO bond length on structural parameters in coesite,
the silica polymorphs, and the clathrasils. American Mineralogist, 75,
7 48-7 54

Bostrdm, D. (1987) SinBle-crystal X-ray diffraction studies of synthetic
Ni-Mg olivine solid solutions. American Mineralogist, 

'72,965-972.

Boysen, H., Domer, B., Frey, F. and Grimm, H. (1980) Dynamic struc-
ture determination for two interacting modes at the M-point in d- and
p-quartz by inelastic neutron scattering Journal of Physical Chemistry,
t 3 , 6127 -6146 .

Biirg,i, H.B. (1984) Stereochemical lability in crystalline coordination
compounds. Transactions of the American Crystallographic Associa-
tion. 20, 6 l-7 I .

Burns, D.M., Ferrier, W.G., and McMullan, J.T. (1967) The rigid-body
vibrations of molecules in crystals. Acta Crystallographica, 22, 623-
629

Cameron, M, Sueno, S., Prewitt, CT, and Papike, J.J. (1973) High-
temperature crystal chemistry of acmite, diopside, hedenbergite, jade-

ite, spodumene, and ureyite. American Mineralogist, 58, 594-618
Cameron, M., Sueno, S , Papike, J.J., and Prewitt, C T (1983) High tem-

perature crystal chemistry of K and Na fluor-richterites American
Mineralogist, 68, 924-943.

Cannillo, E., and Coda, E. (1966) The crystal structure ofbavenite. Acta
Crystallographica, 20, 30 I -309.

Chandrasekhar, K., and Biirgi, H.B. (1984) Dynamic processes in crystals
examined through difference vibrational parameters AU: The low-spin-
high-spin transition in tris(dithiocarbamato)iron(Ill) complexes. Acta
Crystallographic a, 840 , 387 -397 .

Clark, J.R., Appleman, DE, and Papike, J.J (1969) Crystal-chemical
characterization of clinopyroxenes based on eight new structure refine-
ments. Mineralogcal Society of America Special Paper, 2,3l-5O.

Cohen, J P., Ross, F.K., and Gibbs, G.V. (1977) An X-ray and neutron
diffraction study ofhydrous low cordiente. American Mineralogist, 62,
67 -78.

Destro, R., Pilati, T., and Simonetta, M. (1977) The struclure and electron
density of syz-dibenzo- 1,5-cyclooctadiene-3,7-diyne by X-ray analysis
ofthree different temperatures Acta Crystallographica, 833, 447-456.

Downs, R.T., and Palmer, D.C. (1994) The pressure behavior of a cris-
tobalite American Mineralogist, 79, 9-14

Downs, R.T., Gibbs, G.V., and Boisen, M.B., Jr. (1990) A study of the
mean-square displacement amplitudes of Si, Al, and O atoms in frame-
work structures: Evidence for rigid bonds, order, twinning, and stacking
faults. American Mineralogrst, 7 5, 1253-1 267 .

Downs, R.T , Gibbs, G.V., Bartelmehs, K.L , and Boisen, M.B ., Jr. (1992)
Vanations ofbond lengths and volumes ofsilicate tetrahedra with tem-
perature. American Mineralogist, 7 7, 7 5 l-7 57.

Dunitz, J.D, Schomaker, V., and Trueblood, K.N (1988) Interpretation
of atomic displacement parameters from diffraction studies of crystals
Journal of Physical Chemistry, 92, 856-867 .

Finger, L.W., and Hazen, R.M. (1987) Crystal structure of monoclinic
ilvaite and the nature of the monoclinic-orthorhombic transition at
high pressure Zeitschrift fiir Kristallographie, 179, 415-430.

Francis, C.A., and Ribbe, P.H. (1980) The forsterite-tephroite series: I.
Crystal structure refinements. American Mineralogist, 65, 1263-1269.

Fujino, K., and Tak6uchi, Y. (1978) Crystal chemistry of titanian chon-
drodite and titanian clinohumite of high-pressure origin. American
Mineralogist, 63, 535-543.

Gabe, E.J., Portheine, J.C., and Whitlow, S.H. (1973) A reinvestigation
of the epidote structure: Confirmation of the iron location. American
Mineralogist, 58, 218-223.

Geisinger, K.L., Spackman, M.A., and Gibbs, G.V (1987) Exploration of
structure, electron density distribution and bonding in coesite with
Fourier and pseudoatom refinement methods using single-crystal X-ray
diffraction data. Joumal of Physical Chemistry, 9 |, 3237-3244

Ghose, S., and Wan, C (1976) Structural chemistry ofborosilicates, part

II: Searlesite, NaBSiOr(OH): Absolute configuration, hydrogen loca-

BARTELMEHS ET AL.:RIGID-BODY MOTION IN SILICATES



688 BARTELMEHS ET AL.: RIGID-BODY MOTION IN SILICATES

tions, and refinement ofthe structure American Mineralogist, 6 I , 1 23-
129.

Ghose, S, Schomaker, V., and McMullan, R K (1986) Enstatite, MgrSirOu:
A neutron diffraclion refinement of the crystal structure and a rigid-
body analysis ofthe thermal vibration. Zeitschrift fiir Kristallographie,
176 ,159 -175 .

Gibbs, G.V. (1982) Molecules as models for bonding in silicates. Amer-
ican Mineralogist, 67, 421-450.

Gibbs, G.V., Prewitt, C.T, and Baldwin, K.J. (1977) A srudy of the struc-
tural chemistry of coesite. Zeitschnft fiir Kristallographie, 145, 108-
t z J .

Grice, J D., and Robinson, G.W. (1989) Feruvite, a new member of the
tourmaline group, and its crystal structure Canadian Mineralogist, 27,
t99-203

Gnmm, H., and Domer, B. (1975) On the mechanism of the d-B phase
transformalion of quartz. Joumal of the Physical Chemistry of Solids,
36,40' ,7-4t3

Harlow, GE, and Brown, GE, Jr. (1980) Low albite: An X-ray and
neutron diffraction study. American Mineralogist, 65, 986-995.

Hassan, I., and Grundy, H.D (1985) The crystal structures of helvite
group minerals, (Mn,Fe,Zn)r(BeuSi6O14)S,. American Mineralogist, 70,
186-192.

Hazen, R.M., and Finger, L.W. (1979) Crystal structure and compress-
ibility of zircon at high pressure. American Mineralogist, 64, 196-201 .

Hirshfeld, F L. (1976) Can X-ray data distinguish bonding effects from
vibrational smearing? Acta Crystallographica, A32, 239-244.

Hummel, W., Raselli, A., and Biirgi, H B (1990) Analysis of atomic dis-
placement parameters and molecular motion in crystals Acta Crystal-
lographica, B'46, 683-692.

Johnson, C.K. (1970) The effect of thermal motion on interatomic dis-
lances and angles In F.R. Ahmed, Ed., Crystallographic computing, p
207 -2 19. Munksgaard, Copenhagen

Joswig, W., Bartl, H., and Fuess, H. (1984) Structure refinement of scol-
ecite by neutron diffraction. Zeitschrift fiir Kristallographie, 166,219-
223.

Kalus, C. (1978) Neue Strukturbestimmung des Anorthits unter Beriick-
sichtigung miiglicher Altemativen, Ph.D dissertarion, Ludwig-Maxi-
milians-Universitat zu Miinchen, Munich, Germany.

Krhara, K. (1990) An X-ray study ofthe temperature dependence ofthe
quartz structure. European Journal of Mineralogy, 2, 63-1 1.

Kimata, M. (1989) The crystal structure of mangonaan kilochoanite,
Car,rMnourSirOr: A site-preference rule for the substitution of Mn for
Ca Mineralogical Magazine, 53, 625-631.

Kirfel, A, and Will, G. (1984) Ending the "PZ,/a coesite" discussion.
Zeitschrift fu r Kristallographie, I 6 7, 287 -29 l.

Kunz, M., and Armbruster, T (1988) Static positional disorder studied
by difference vibrational parameters: Na, K-feldspars with variable de-
gree ofSi/Al ordering. Zeitschrift {iir Kristallographie, 182, 166-168

-(1990) Difference displacement parameters in alkali feldspars: Ef-
fects of (Si,Al) order-disorder. American Mineralogist, 75, l4l-149.

Kvick, A., and Smith, J.V. (1983) A neutron diffraction srudy of the
zeolite edingtonite. Joumal ofChemical Physics, 79, 2356-2362.

Kvick, A., Stehl, K, and Smith, J.V. (1985) A neurron diffraction study
of the bonding of zeolitic water in scolecite at 20 K. Zeitschrift liir
Kristallogaphie, 17 l, 1 4 | - | 5 4.

Lee, J.H., and Guggenheim, S. (1981) Single crystal X-ray refinement of
pyrophyllite- I Zc American Mineralogist, 66, 350-357 .

Le Page, Y, and Donnay, G (1976) Refinement of the crystal structure
of low-quartz Acta Crystallographica, B32, 2456-2459.

kvien, L., and Prewitt, C.T. (1981) High-pressure crystal structure and
compressibility of coesite American Mineralogist, 66, 324-333.

Levien, L., Prewitt, C T., and Weidner, D J. (1980) Structure and elastic
properties ofquartz at pressure. American Mineralogrst, 65, 920-930

Liebau, F. (l 985) Structural chemistry ofsilicates: Structure, bonding, and
classification, 347 p. Springer-Verlag, Berlin.

Liebau, F., and Bohm, H. (1982) On the co-existence of structurally dif-
ferent regions in the low-high-quartz and other dilative phase transfor-
mations. Acta Crystallographica, A38, 252-256.

Megaw, H.D (l 973) Crystal structures: A working approach, 563 p Saun-
ders, Philadelphia, Pennsylvania.

Miyake, M , Nakamura, H, Kojima, H., and Marumo, F (1987) Cation
ordering in Co-Mg olivine solid-solution series American Mineralo-
gisI,12, 594-598.

Moore, P B., and Araki, T (1976) Braunite: Its structure and relationship
to bixbyite, and some insights on the genealogy of fluorite derivative
structures American Mineralogist, 6 l, 1226- l24O

Nover, G., and Will, G. (1981) Structure refinements of seven natural
olivine crystals and the influence ofthe oxygen partial pressure on the
cation distribution. Zeitschrift fiir Kristallographie, | 5 5, 27 -4 5.

Ohashi, H., Fujita, T, and Osawa, T (1981) Structure of CorAlSi.O,,
garnet. Joumal ofthe Japanese Association of Mineralogists, Petrolo-
gists, and Economic Geologists, 76, 58-60

Peacor, D.R. (1973) Hieh-temperature single-crystal study of the cristo-
balite inversion. Zeitschrift {iir Kristallographie, 138, 274-298.

Perdikatsis, B., and Burzlaff, H (1981) Strukturverfeinerung am talk
Mgr[(OH)rSioO,o] Zeitschrift fiir Kristallographie, I 56, 17 7 -186

Pluth, J.J., Smith, JV., and Kvick, A (1985) Neutron diffraction study
ofthe zeolite thomsonite. Zeolites. 5. 74-80

Rao, K.R., Chaplot, S L., Choudhury, N., Ghose, S., Hasings, J.M., Cor-
liss, L.M., and Price, D.L. (1988) Lattice dynamics and inelastic neu-
tron scattering from forsterite, MgrSiOo: Phonon dispersion relation,
density ofstates and specific heat Physics and Chemistry ofMinerals,
16 ,83 -97 .

Sandomirskii, P.A., Simonov, MA., and Belov, NV. (1977) Crystal
structure of synthetic Mn-milarite K,Mn,(Si,rO,o) HrO Soviet Physics
Doklady,22,  181-183

Schomaker, V., and Trueblood, K.N (1968) On the rigid-body motion of
molecules in crystals. Acta Crystallographica, 824, 63-7 6

Smith, J.V., Artioli, G, and Kvick, A. (1986) Low albite, NaAlSiO,:
Neutron diffraction study of crystal structure at 13 K. American Min-
eralogist ,7 l ,727-733

Smith, J.v , Pluth, J.J., Richardson, J.w , and Kvick, A. (1987) Neutron
diffraction study ofzoisite at 15 K and X-ray study at room tempera-
ture Zeitschrift fiir Kristallographie, 179, 305-321.

Smyrh, J.R , Smith, J V., Artioli, G., and Kvick, A ttqSl) Crystal struc-
ture of coesite, a high-pressure form of SiOr, at 15 and 298 K from
single-crystal neutron and X-ray diffraction data: Test ofbonding mod-
els. Journal ofPhysical Chemistry, 91,988-992

Stixrude, L., and Bukowinski, M S.T (1988) Simple covalent potential
models of tetrahedral SiOr: Applications to q-quartz and coesite at
pressure. Physics and Chemistry ofMinerals, 16,199-206.

Swanson, D.K., and Prewitt, C.T. (1983) The crystal structure of
KrSivISiIrvOr. American Mineralogist, 68, 58 l-585.

Tak6uchi, Y, Haga, N., and Bunno, M. (1983) X-ray study on polymor-
phism of ilvaite, HCaFe?*Fe3*Or[SirO,]. Zeitschrift fur Kristallogra-
phie,  163,267-283.

Trueblood, K.N. (1978) Analysis of molecular motion with allowance for
intramolecular torsion. Acta Crystallographica, A.34, 9 50-9 54

Wan, C., Ghose, S , and Gibbs, G.V. (1977) Rosenhahnite, Ca,SiOs(OH)2:
Crystal structure and the stereochemical configuration of the hydrox-
ylated trisilicate group, [Si,O'(OH)J. Amencan Mineralogist, 62, 503-
512.

Winter, J.K., and Ghose, S. (1979) Thermal expansion and high-temper-
ature crystal chemistry of the AlSiOr polymorphs American Miner-
alogist, 64, 573-586.

Wright, A.F., and khmann, M.S. (1981) The structure of quafiz at 25
and 590 'C determined by neutron diffraction. Joumal of Solid State
Chemistry, 36, 371-380.

Young, R.A., and Post, B. (1962) Electron density and thermal effects in
alpha quartz. Acta Crystallographica, 15, 337-346.

MeNurcr.rrr RrcErvED Ml.v 2, 1994
MnNuscnrsr AcCEPTED Aprul 7. 1995

AppaNorx 1. D.q,rl snr usnn
In an examination of criteria 1 and 2, an extensive data set of

nonframework silicates was obtained from the literature. The



data were provided by refinements completed on data recorded
at room pressure and at or below room temperature, with refined
ADPs being reported for all atoms (except H). A structure was
accepted for study ifreported bond lengths and angles and iso-
tropic equivalent displacement factors could be reproduced and
if the ADP matrix for each of its atoms was found to be positive
definite. Of the 248 nonframework structures, 231 were accept-
ed, including 94 orthosilicates, 33 sorosilicates, 5l chain sili-
cates,29 ring silicates, and 41 sheet silicates. This resulted in
357 individual nonframework TOo, with 99 occurring in or-
thosilicates, 62 in sorosilicates, 85 in chain silicates, 33 in ring
silicates, and 78 in sheet silicates.

Of the 826 TOo groups examined in this study, 352 satisfy
criteria 1 and 2. These include 166 ofthe 469 (350/o) groups taken
from frameworks, 67 of the 99 (680/0) from orthosilicares,42 of
ttre 62 (680/o) from sorosilicates, 51 of the 85 (600/o) from chain
silicates, 17 ofthe 33 (50o/o) from ring silicates, and 9 ofthe 78
(120lo) taken from sheet silicates. The observation that nearly
one-half (430lo) of all the data fail both criteria agrees with similar
failure rates observed for a number of molecular comoounds
(Trueblood, 1 978).

Appnxorx 2. Er,r,rpsorn AGREEMENT pARAMETERS

(EAPs)
Let M and M' represent two 3 x 3 real, symmetric, positive

definite matrices written with respect to a Cartesian basis, C :

{i, j, k}. Therefore, the graph of the function [v]!M[v]. : I
represents an ellipsoid in C where Iv]. is the triple representative
ofany vector in C (for notation, see Boisen and Gibbs, 1990).
A graph of the function [v]!M'[v]. : I represents a diferent
ellipsoid in C if M + M'. The ellipsoid agreement parameters
(EAPs) were constructed to provide a measure of the relative
physical differences in size, shape, and orientation between two
ellipsoids centered at the same position and are based on a strat-
egy devised by Burns et al. (1967).

The first parameter, EAPI, measures the relative agreement
between the sizes of two ellipsoids. A reasonable measure of the
size of an ellipsoid is provided by the average of its three prin-
cipal axis lengths. This average is considered as the radius of a
sphere that forms an isotropic equivalent of the ellipsoid. For
example, the isotropic equivalent ofthe ellipsoid represented by
M, M"o, is computed as M"o : trace(M)/3.0. EAPl, which mea-
sures the relative difference in size between two elliosoids. is
computed as

EAPI : lM* - M;l 
.

M.q

The next parameter, EAP3, measures the difference in orien-
tation between two ellipsoids. Let U. and U., represent unitary
matrices consisting of the normalized eigenvectors of M and M',
respectively, so that

U. : [[e,]. [eJ. [eJ.]

and

U., : [[ei]. IeLl, let'lrl.

Note that the normalized eigenvectors of M and M' each rep-
resent an orthogonal basis, E : {er, €2, er} and E' : \e\, eL, e\},
respectively, with a common origin. Therefore, we can consider
U, and U*, as transformation matrices, such that Ur[v]u : [v].
and U.,[v]", : [v].. Equating these transformations results in
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[v]" : U.'U*,[v]r.

: UioU-,[v]',

: Rlvl".

where R : UirU... Because R is the product of two unitary
matrices, R is also a unitary matrix and may be considered as a
rotation matrix. Because R represents the angular orientation
between E and E' , the turn angle of R provides a measure of the
relative difference in orientation between the two ellipsoids rep-
resented by M and M' (Burns et al., 1967). The turn angle of R,
p, is found by setting the trace of R equal to | + 2 cos p and
represents the amount ofrotation about the vector [l]. required
to bring the basis E' into coincidence with the basis -8. Note that
because R is computed from normalized eigenvectors ofM and
M', p is dependent on the order in which they are listed by
columns in U- and U-', respectively. Also note that if, for ex-
ample, [e,]. is a normalized eigenvector of M, then by symmetry
-[e,]. is also a normalized eigenvector of M. Thus, p is also
dependent on the directions ofthe eigenvectors listed in U. and
UM,. Systematically permuting the directions and order of the
eigenvectors in U. and U.,, respectively, results in 42 distinct
R matrices and thus 42 distinct p values each computed accord-
ing to p: cos '{[trace(R) - 1]/2]. The smallest p was chosen
as the parameter EAP3, thus providing a measure of the differ-
ence in orientation between two ellipsoids. If the two ellipsoids
each contain a circular cross section, EAP3 is computed as the
angle between the eigenvectors perpendicular to the circular sec-
tion. Finally, if the two ellipsoids are spherical, then EAP3
rs zero.

The final parameter, EAP2, measures the relative difference
in shape between the two coincident ellipsoids (Burns et al.,
1961). A measure of an ellipsoid's shape can be constructed by
forming a unit vector from the eigenvalues of the ellipsoid. If
we define S: (s,, sr, sr) as the orthonormal shape basis, then

I
s:;:-:--:--:-:-:- :(Irsr + tr2s2 t trrs3)

{Ai  + Af+ Ai)

an(l

I
s, : _-__________._ ,(tris, + tr1s, t trisJ-  

O i ' + I ? - ^ t /

where s and s' are the shape vectors and (Xr, Ir, tr3) and (Ii, X'r,
),i) are the eigenvalues for M and M', respectively. If Xis defined
as the distance between the endpoints ofs and s', then according
to  the  law o fcos ines  X2:  l s l '+  l s , l :  -  2 (s .s ' ) :  2 (1  -  s  s ' ) .
In accordance with Burns et al. (1967), the shape parameter EAP2
is computed as EAP2 : (10000 x X'?). Note that the coefrcients
of s, tr,, Xr, and tr3, represent the ordered (smallest to largest)
triad of eigenvalues of M. The coefficients of s', Ii, \", and I'r,
correspond to the (1,1), (2,2), and (3,3) elements of .tl', respec-
tively, where il,' is computed according to I' : Ui{,M'UM, :

R'UfuM'UMR where R is the rotation matrix used to compute
EAP3. For calculated ADPs to be in satisfactory agreement with
those observed, the three EAPs must simultaneously satisry the
criteria (A) EAPI < 0.1, (B) EAP2 < 150, and (C) EAP3 < 20'.
A cutoffof <0.1 was chosen for criterion (A) because it conforms
with the results obtained by the Burns et al. (1967) analysis
of size.

As an example, consider the ADP matrix for the Al5 atom
from the refinement of triclinic bikitaite Gissert and Liebau, 1986).
Transformed into a Cartesian basis, the ADP matrix becomes

BARTELMEHS ET AL.: RIGID-BODY MOTION IN SILICATES
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[ 0.00529 -0.00048 -0.00020 I
M :  |  

-0 .00048 0.0052e 0.00012 |
L-0.00020 0.000r 2 0.00s8s I

From a TLS analysis of the Al5 tetrahedron, the calculated ADP
matnx ls

f  0 .00553 -0.00019 -0.00102 
I

M', : | 
-0.000t9 0.00s83 0.00007 |

L-0.00102 0.00007 0.005e4 I
The eigenvector matrices and eigenvalues of M and

M 'a re

Using the diagonal elements of both matrices, M and M',
EAP1 is computed as

l(0.00529 + 0.00529 + 0.00585)/31

FApr  :  
-  [ (0 .00553 +  0 .00583 +  0 .00594) /3 ] l

f t0.00529 + 0.00529 + 0.00585)/31

:  10 .00548 -  0 .005771/0 .00548

:  0 .053.

By systematically permuting the columns of Ur and U-', one
possible choice ofR is

R: - l  x (Ui,Uy.)

f  0.70127 o.6s3s'7 -0.28473 
f

:  
l - 0 . 6 6 5 8 7  o . 7 4 3 t s  0 . 0 6 5 8 5  |
| 0.2s463 0.14342 0.95634 l

where (Ui"U-,) is multiplied by - I because it represents an im-
proper rotation. Because this choice of R results in the minimum
value for p, EAP3 : 45.54239".

Finally, we formulate s and s'where s : 0.50429s' + 0.58620st
+ 0.63408s, and s'  :  0.57472s, + 0.46436s. + 0.67384s,. We
then compute the distance between the endpoints as Y:2(l -

s  s ' ) : 2 ( l  -  0 . 9 8 9 3 1 ) : 0 . 0 2 1 3 8 0 ,  w h i c h  r e s u l t s  i n  E A P 2 :
213.80. According to the EAP criteria (A-C) stated above, we
conclude that the two ellipsoids are different. Even though EAP1
calculated for M and M' indicates the ellipsoids are similar in
size, the values ofEAP2 and EAP3 indicate large differences in
their shape and orientation, respectively. These differences are
verified visually by inspection of the observed and calculated
thermal ellipsoids drawn for the A15 atom in Figure lb.

f 0 . 7 1 8 1 6
uM :  |  0 .69343

10.05836
r,  :0 .00480,  12

and

f 0.'t'7 592
u. : I o.osor+

L0.624e0
ri  :  0.00581, ) \ i

respectively.

-0.50491 -0.47886 I
o . s76s5  0 .43161  |

-0.64202 0.76446 l
: 0 .00558 ,  r .  : 0 .00604

0.04548 -0.62920 
f

0.98036 0. t ' t734 |-0.19192 0.7s675 )
:  0 .00469,  I i  :0 .00681


