American Mineralogist, Volume 91, pages 1049–1054, 2006

Sound velocities and elastic constants of ZnAl2O4 spinel and implications for
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ABSTRACT
The pressure dependence of the sound velocities, single-crystal elastic constants, and shear and
adiabatic bulk moduli of a natural gahnite (ZnAl2O4) spinel have been determined to ~9 GPa by
gigahertz ultrasonic interferometry in a diamond anvil cell. The elastic constants of gahnite are (in
GPa): C11 = 290(3), C12 = 169(4), and C44 = 146(2). The elastic constants C11 and C12 have similar
pressure derivatives of 4.48(10) and 5.0(8), while the pressure derivative of C44 is 1.47(3). In contrast
to magnetite, gahnite does not exhibit C44 mode softening over the experimental pressure range. The
adiabatic bulk modulus KS0 is 209(5) GPa, with pressure derivative KS' = 4.8(3), and the shear modulus
G0 = 104(3) GPa, with G' = 0.5(2). Gahnite, along with chromite (FeCr2O4) and hercynite (FeAl2O4)
are the least compressible of the naturally occurring oxide spinels. Evaluation of Birch’s Law for
isostructural minerals indicates that spinels containing transition metals on both the [4]A and [6]B sites
follow a trend about Þve times more negative than oxide and silicate-spinel phases without any, or
only one transition metal.
Keywords: Spinel, sound wave velocities, elastic properties, Birch’s Law

INTRODUCTION
Minerals with the spinel structure and general formula
AB2O4 are among the most common non-silicate oxides in the
Earth’s crust and upper mantle. Spinels have cubic symmetry
(space group Fd3m, 8 formula units per unit cell), and have an
essentially cubic close-packed array of oxygen. A characteristic
feature of this structure is the ability to host a wide range of
divalent, trivalent, and tetravalent cations; over 100 natural
and synthetic phases adopt this structure. In the normal spinel
structure, the A cations occupy the tetrahedral site and B cations
occupy the octahedral site ([4]A[6]B2O4). Inverse spinels contain
four-coordinated B cations, while the six-coordinated site contains a mixture of A and B cations [[4]B[6](B,A)2O4]. In addition
to magnesioferrite–magnetite (MgFe2O4–Fe3O4) and spinel–hercynite (MgAl2O4–FeAl2O4), the zinc-spinels franklinite–gahnite
(ZnFe2O4–ZnAl2O4) form a limited solid solution at high temperature and are important accessory phases in various rock
types, but most notably in the Franklin marble and skarn deposits
(Carvalho and Sclar 1988; Frondel and Baum 1974). Moreover,
the silicate spinel, ringwoodite γ-(Mg Fe)2SiO4, is expected to be
the dominant phase in the lower part of Earth’s transition zone
between about 520 and 660 km depth. Because spinels exhibit
pressure-induced phase changes (Fei et al. 1999; Funamori et al.
1998; Irifune et al. 2002; Levy et al. 2000), they are often used as
model minerals for deep-Earth mineralogy. The spinel structure
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type is also of practical importance to industrial applications; the
ferrites are composed of Fe2O3 mixed with various Mn, Zn, Ni,
and Mg oxides and are strong magnets utilized in many electronic, communications, and power-switching devices.
Most previous studies of spinel elasticity have relied on static
compression (X-ray diffraction) to determine the isothermal bulk
modulus KT0 and KT' = dKT/dP from pressure-volume data (Chang
and Barsch 1973; Haavik et al. 2000; Hazen 1993; Irifune et al.
2002; Levy et al. 2000, 2001; Mao et al. 1974; Yutani et al. 1997).
Pressure dependence of the single-crystal elastic constants (Cij)
for natural spinels have only been reported for spinel (Yoneda
1990) and magnetite (Reichmann and Jacobsen 2004), thus,
single-crystal elasticity systematics are only now emerging.
Due to the relative structural simplicity of close-packed spinels,
single-crystal elasticity data will provide a better understanding
of the different effects of pressure on structure and bonding
because they can be modeled to a Þrst approximation as ionic
compounds with bond strengths according to Coulombic forces
(e.g., Hazen 1993). However, simple theory is not always effective when close-packed structures contain transition metals
as nearest-neighbors.
It was shown recently (Reichmann and Jacobsen 2004)
by means of gigahertz-interferometry measurements on the
inverse spinel magnetite [Fe3+(Fe2+Fe3+)O4] that the 3d transition-metal element Fe has a dramatic effect on the elastic
high-pressure behavior, especially on C44. This modulus has
a negative pressure derivative and was interpreted to be
a soft mode preceding the structure transition at ~20 GPa
(Reichmann and Jacobsen 2004). It is now of special interest to
investigate how the single crystal and bulk elastic properties
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of spinels are affected by other transition metals (e.g., Zn and
Cr). Comparisons can then be made to other spinels without
(or having two) transition metals occupying the cation sites.
Levy et al. (2001) determined the compressibility of gahnite
and obtained an unusually high K' = 7.62(9) with K'' = –0.1022
GPa–1 (implied value) and K0 = 201.7(9) GPa. Because the
authors were able to reach very high pressures (~43 GPa), the
high-precision X-ray data were sufÞcient to reÞne K'. In this
paper we report the pressure dependence of the full set of the
single-crystal elastic constants (Cij) and the aggregate moduli
(G and KS) of gahnite spinel. The GHz-ultrasonic measurements were performed using a natural sample under hydrostatic
compression in diamond anvil cell to a maximum pressure of
8.6 GPa. Finally, we compile current spinel elasticity data and
recognize two distinct sound velocity trends for spinels without
any, or only one transition metal, and spinels containing two
transition metals.

EXPERIMENTAL METHODS
Sample characterization
The natural gahnite sample is from Stratford, Alleghan, North Carolina. It
showed an octahedral form making it possible to identify and to cut sections parallel
to the (100) and (111) planes to within a few degrees. Microprobe analysis gives a
bulk chemical composition of (Zn0.74Fe0.18 Mg0.08))Al1.99O4. The lattice constant a =
8.0985(2) Å was determined by the eight-position centering of 15 reßections on the
Huber diffractometer at Bayerisches Geoinstitut, and is in good agreement with the
synthetic crystal studied by Levy et al. (2001) with a = 8.09117(5) Å obtained by
powder X-ray diffraction. The calculated density of our sample is 4464 (kg/m3).

High-pressure ultrasonic interferometry
The polished gahnite samples used for GHz-interferometry in a diamond anvil
cell had a diameter of about 120 µm and a thickness of 45 µm Special effort was
made to ensure parallelism of the polished planes, which is a prerequisite to obtain
usable interference patterns.
Sound wave velocities of gahnite were determined at ambient and elevated
pressure in a diamond anvil cell using GHz-interferometry (Reichmann et al.
1998; Spetzler et al. 1993). We recently added shear-wave capabilities to the
GHz-technique, allowing determination of full sets of elastic constants for minerals
at ambient (Jacobsen et al. 2004a) and high pressures (Reichmann and Jacobsen
2004). A detailed description of the new method is given by (Jacobsen et al. 2005).
Brießy, a tone burst generated from a ZnO thin-Þlm piezo-transducer with carrier
frequencies between 0.5–2 GHz and 20–100 ns in duration are introduced into the
sample through the diamond by mechanical contact. Strain waves reßected at the
near and far facets of the parallel-plate sample overlap in time when the input tone
burst is longer than the travel-time through the sample. This superposition gives
rise to an interference pattern when the frequency (f) is scanned, from which the
round-trip travel time (t) of the sound waves through the sample is determined from
∆f of adjacent extrema. Given the sample length (l), longitudinal and transverse
velocities (VP,S) are obtained by:
VP,S = 2l/tP,S

(1)

Figure 1a shows a raw interference pattern for shear waves in gahnite at 8.0
GPa, from which a travel time tS = 16.06(2) ns was obtained (Fig. 1b). We note that
although the absolute uncertainty in Cij at ambient pressure is dominated by the
uncertainty in the length, uncertainties in the variation of Cij with pressure (the
derivatives) are very small because the relative travel-time uncertainties are on
the order of a few parts in 103.
Hydrostatic conditions in the sample chamber of the DAC were achieved
by using a 16:3:1 methanol-ethanol-water mixture. To avoid the ßow of ßuid
between the sample and the diamond, a small amount of silica aerogel was
added to the liquid pressure medium (Reichmann and Jacobsen 2004). The
pressure was determined before and after each run using ruby ßuorescence
(Mao et al. 1986).

Sample length determination at high pressure
Sample thickness variation with pressure in the cubic system was determined
by the relation:
(l/l0) = (V/V0)1/3

(2)

where V is volume and V0 is the initial volume. V/V0 was calculated using the
third-order Birch-Murnaghan equation of state (BM3 EoS) parameters KT0 = 201.7
(GPa) and K' = 7.62 (K'' = –0.1022 GPa–1 implied) from the compression study of
Levy et al. (2001). Although the value of K' from Levy et al. (2001) seems high
compared to the often assumed value of 4.0, we tested the effects of varying K' on
the calculated sample length and found below 10 GPa the choice had no signiÞcant
inßuence on the sample length, and hence the calculated elastic constants. In Table
1, the calculated sample length is reported using both values of K', and we note that
at the highest experimental pressure (8.6 GPa), the difference between the sample
length calculated with K' = 4 and K' = 7.62 is only 0.06%.

RESULTS
Cubic crystals have three independent elastic constants: C11,
C12, and C44 (e.g., Nye 1985). To obtain the full set of Cij it is necessary to obtain the sound velocities in various crystallographic
directions. The elastic constants of gahnite were calculated from
the following three pure-mode solutions of the Christoffel equations (in Brugger 1965):
ρ (VP[100])2 = C11

(3)

ρ (VS[100])2 = C44

(4)

ρ (VP[111])2 = (C11 + 4C44 + 2C12)/3

(5)

where ρ is the density and VP,S are sound velocities in the superscript [uvw] propagation direction.
Ambient pressure experiments were performed using “thick”
samples measuring 248 µm in length with a nominal accuracy
of ±1 µm, resulting in absolute uncertainties in Cij of about one
in 100 GPa. Diamond-cell samples measuring ~45 µm thick
were prepared, and their initial lengths were calculated using
their measured P0 travel times and the “thick sample” velocities.
Initial sample lengths were 46.9(2) and 45.6(2) µm for the VP[100]
samples, 46.9(2) µm for the VP[111] sample, and 47.4(2) µm for
the VS[100] sample. Variation of sample length with pressure for
two different equations of state is listed in Table 1.
Sound velocities in gahnite in various crystallographic directions and at various pressures are listed in Table 2. The calculated
elastic modulus Cij of gahnite are: C11 = 290(3) GPa, C12 = 169(4)

TABLE 1. Calculated sample length at high pressure*
P (GPa)
Sample length (µm)†
Sample length (µm) ‡
0
46.9
46.9
1.73
46.77
46.77
2.46
46.71
46.72
2.98
46.68
46.68
3.45
46.64
46.65
4.32
46.58
46.59
5.44
46.50
46.52
8.60
46.29
46.32
* Ruby fluorescence pressures with nominal precision of 0.05 GPa.
† Calculated using KT0 = 201.7 GPa with K’ = 4.
‡ Calculated using KT0 = 201.7 GPa with K’ = 7.62, K’’ = –0.1022 GPa–1 (Levy et
al. 2001).
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TABLE 2. Sound velocities of ZnAl2O4 gahnite at various pressures*
P (GPa)
vP[100]† (m/s) P (GPa)
vP[111]† (m/s)
P (GPa)
vS[100]† (m/s)
0
8058(35)
0
9509(30)
0
5720(20)
3.28
8193(28)
1.73
9614(29)
5.10
5812(14)
5.34
8285(36)
2.46
9633(39)
5.50
5816(10)
6.39
8326(40)
2.98
9695(40)
5.80
5816(14)
1.21
8096(21)
3.45
9708(40)
6.30
5831((13)
2.18
8148(21)
4.32
9720(50)
6.70
5831(12)
2.94
8175(22)
5.44
9824(70)
7.00
5836(9)
3.42
8191(22)
7.30
5835(10)
3.88
8214(29)
7.60
5845(10)
4.41
8237(29)
8.00
5847(9)
5.46
8277(37)
8.30
5864(12)
5.56
8283(37)
8.60
5867(13)
* Ruby fluorescence pressures with nominal precision of 0.05 GPa.
† Superscript [uvw] gives the direction of elastic wave propagation.

FIGURE 1. (a) GHz-ultrasonic interference pattern for shear waves
in gahnite at 8 GPa. (b) Travel times calculated from this spectrum for
the correct (Þlled circles) and nearest fringes (Þlled squares) in the Þt of
integer solutions to the number of wavelengths in the sample.

GPa, and C44 = 146(2) GPa, with the pressure derivatives dC11/
dP = C11' = 4.48(10), dC12/dP = C12' = 5.0(8), and dC44/dP = C44'
= 1.47(3). The adiabatic bulk modulus is KS0 = 209(5) GPa, the
shear modulus G0 = 104(3) GPa (average of Hashin Shtrikman
bounds), dKS/dP = 4.8(3) and dG/dP = 0.5(2). The uncertainty
of KS0 and G is due to the uncertainties of travel-time and sample
length determinations whereas the uncertainty of the pressure derivatives is calculated from linear Þts. The calculated data of the
longitudinal and shear velocities are Þtted to a linear curve.
VP = 8832(60) + 47.6(4) P (m/s)

(6)

VS = 4824(50) + 0.7(6) P (m/s)

(7)

DISCUSSION
The three independent elastic constants of gahnite are shown
as a function of pressure in Figure 2. The pressure derivatives

C11' and C12' of gahnite are very similar to each other, while C44' is
considerably lower. It is interesting to note that this is also true for
spinel MgAl2O4 (Yoneda 1990) and magnetite Fe3O4 (Reichmann
and Jacobsen 2004) (Table 3). It seems that it is a general feature
of the spinel structure that C11' ≅ C12' and C44' << C11' .
Table 3 summarizes the elastic moduli and their pressure
derivatives of various spinels. Whereas Yoneda (1990) reported
Þrst and second derivatives of the elastic constants and bulk
modulus from polynomial Þts to the data, in the present work the
Cij and moduli are linear within error so only Þrst derivatives are
reported. Based on a comparison of gahnite with spinel, Mg-Zn
substitution on the tetrahedral site appears to reduce the pressure dependence of C11 and C12, whereas C44' is identical within
error. The sign of dC44/dP is positive (Table 3), in contrast with
both magnetite (Reichmann and Jacobsen 2004) and iron-rich
magnesiowüstite (Jacobsen et al. 2005), which exhibit negative
C44 derivatives. If C44 mode softening in spinels is associated
with pressure-induced phase transitions, one might conclude
that ZnAl2O4 should undergo a possible phase transition at a
much higher pressure than Fe3O4. This is in agreement with the
work of Levy et al. (2001) who performed X-ray diffraction
experiments to 43 GPa without detecting a phase transformation,
whereas magnetite exhibits a phase transition at P > 20 GPa
(Fei et al. 1999; Haavik et al. 2000; Mao et al. 1974; Pasternak
et al. 1994).
The adiabatic bulk modulus of gahnite, KS0 = 209(5), is about
5% higher than for MgAl2O4 spinel, and about 12% higher than
that of magnetite. The isothermal bulk modulus KT0 of gahnite,
determined by powder X-ray diffraction (Levy et al. 2001) is
201.7(9) GPa, which is only 3.5% lower than the reported value
of KS0 here. However, the shear modulus of gahnite is 7% lower
than G0 of MgAl2O4 spinel, but is about 70% higher than the
shear modulus of magnetite Fe3O4, indicating that Zn does not
have the same drastic effect of Fe in reducing C44.
The pressure dependences of the aggregate bulk and shear
moduli (KS and G, respectively) of gahnite, magnetite (Reichmann and Jacobsen 2004), MgAl2O4 spinel (Yoneda 1990) as
well as the isothermal bulk modulus of synthetic gahnite (Levy
et al. 2001) are plotted in Figure 3. The pressure derivatives of
the adiabatic bulk moduli KS of gahnite and magnetite (Reichmann and Jacobsen 2004), are very similar with KS' = 4.8(3) and
5.1(1), respectively. The pressure derivative KT' = 7.62(9) for
gahnite reported by Levy et al. (2001) is measurably higher but
it is not clear if this difference is intrinsic or due to experimental
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FIGURE 2. Variation of the single-crystal elastic constants (C11, C12,
and C44) of gahnite with pressure. Solid lines are linear Þts to the data.

factors. Pressure derivatives of the shear modulus for gahnite G'
= 0.5(2) and MgAl2O4 G' = 0.61 (Yoneda 1990) are both positive
and similar in contrast with magnetite, which has a slightly negative or invariant G' = –0.1(1) (Reichmann and Jacobsen 2004).
Low values of G' (< 1) appear to be a common feature of oxide
spinels (Table 3) as opposed to magnesium-silicate spinels (G'
= 1.3–1.5; Li 2003; Sinogeikin et al. 2003).

FIGURE 3. Aggregate bulk and shear moduli of gahnite at high
pressure from the current study (Þlled circles). Also shown are KS and
G for magnetite (Þlled diamonds; Reichmann and Jacobsen 2004) and
MgAl2O4 spinel (open triangles; Yoneda 1990). Calculated isothermal
bulk modulus (KT) of gahnite is shown by open stars (Levy et al. 2001).
The solid line is a linear Þt to the GHz-ultrasonic gahnite data. The
dashed line is a second-order polynomial Þt to the static X-ray data for
gahnite (Levy et al. 2001).

Spinel elasticity systematics and Birch’s Law
Birch (1961a, 1961b) proposed that at constant mean atomic
mass (M), an increase in density would lead to a linearly proportional increase in bulk sound velocity (Vφ). Birchʼs Law is
often written:
Vφ = a + bρ

(8)

where b is positive. Alternatively, isostructural compounds with
varying M plot roughly perpendicular to the iso-M lines, i.e.,
the velocity vs. density curve of isostructural minerals exhibits
a negative slope. In Figure 4 the bulk sound velocity Vφ = (VP2
– 4/3VS2)1/2 = (K0/ρ)1/2 is plotted against density for various minerals of the spinel group. As expected, the diagram shows that
spinels with only one transition metal at the cation sites exhibit
decreasing bulk sound velocities with increasing density. The
data for these compounds deÞne roughly a linear curve as proposed by Birch (1961a, 1961b). However, those high density
spinels with transition metals at both the [4]A and [6]B sites, i.e.,
chromite, magnetite, franklinite, and zincochromite, follow a
different trend that is about Þve times more negative (Fig. 4).
One conclusion that can be drawn from Figure 4 is that the linearly decreasing Vφ with increasing ρ changes slope when two
3d-transition elements occupy both the tetrahedral and octahedral
cation sites. The change in slope may indicate that the dominant
Coulombic bonding forces assumed for ideal ionic compounds

FIGURE 4. Birch’s Law revisited; bulk sound velocity Vφ = (K0/ρ)1/2
as a function of density. Spinel minerals containing transition metals on
both [4]A and [6]B sites follow a steeper trend than those without or only
one transition metal. Dotted line is a linear Þt to only the data points of
chromite, magnetite, franklinite, and zincochromite. Solid line is a linear
Þt to the remaining spinels. γ-Mg2SiO4 = Weidner et al. 1984; Hazen 1993;
MgAl2O4 spinel = Yoneda 1990; FeFe2O4 magnetite = Reichmann and
Jacobsen 2004; gahnite = this study; ZnCr2O4 zincochromite = Levy et
al. 2005; Fe2SiO4 = Hazen 1993; Ni2SiO4 = Bass et al. 1984; FeCr2O4
chromite = Hearmon 1984; γ-Mg1.7Fe0.22H0.16SiO4 = Jacobsen et al. 2004b;
ZnFe2O4 franklinite = Levy et al. 2000; γ-Mg1.82Fe0.18SiO4 = Sinogeikin
and Bass 2001; γ-Mg1.5Fe0.5SiO4 = Sinogeikin et al. 1997; FeAl2O4
hercynite = Wang and Simmons 1972; Mg0.75Fe0.36Al1.90O4 Pleonaste =
Wang and Simmons 1972.
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TABLE 3. Compilation of elastic properties of spinel-structured minerals in order of increasing density
Formula
(mineral)

Reference

Method and
maximum P

ρ0
(kg/m3)

MgAl2O4
(spinel)

Yoneda
(1990)

MHz-ultrasonics
(Pmax = 6 GPa)

3578

Sinogeikin et al.
(2003)

Brillouin
(Pmax = 16 GPa)

3701

329(2)
6.2(2)

118(3)
2.8(3)

130(2)
0.8(2)

188(3)
4.1(3)

120(2)
1.3(2)

9690(20)

5680(10)

4280

266.0

182.5

133.5

210.3

84.5

8701

4463

290(3)
4.48(10)

169(4)
5.0(8)

146(2)
1.47(3)

209(5)
4.8(3)

104(3)
0.5(2)

8832(60)
47.6(4)

4824(50)
0.7(6)

60.3(3.0) 7157(30)
−0.1(1)
47.4(4)

3407(20)
−12.5(3)

γ-(Mg0.91 Fe0.09)2SiO4
(ringwoodite)
FeAl2O4
(hercynite)

Wang and Simmons MHz-ultrasonics
(1972)
P = 0 GPa

C11 (GPa)
C12 (GPa)
C11’
C12’
C11’’ (GPa–1) C12’’ (GPa–1)
282.9
155.4
5.59
5.69
–0.65
–0.64

C44 (GPa)
K (GPa)
C44’
K’
C44’’ (GPa–1) K’’ (GPa–1)
154.8
197.9
1.44
5.66
–0.19
–0.65

(Zn0.74 Fe0.18 Mg0.08))Al1.99 O4 This Study
(gahnite)

GHz-ultrasonics
(Pmax = 9 GPa)

4464

ZnAl2O4
(gahnite)

Levy et. (2001)

X-ray
(Pmax = 43 GPa)

4597

201.7(9)
7.62(9)

γ-Fe2SiO4

Hazen (1993)

X-ray
(Pmax = 5 GPa)

4845

207(3)
4.8 (fixed)

5090

203.3

FeCr2O4
(chromite)

(Hearmon 1984)

FeFe2O4
(magnetite)

Reichmann and
Jacobsen (2004)

GHz-ultrasonics
(Pmax = 9 GPa)

5196

ZnFe2O4
(franklinite)

Levy et al. (2000)

X-ray
(Pmax = 37 GPa)

5319

166(3)
9.3(6)

Hazen (1993)

X-ray
(Pmax = 5 GPa)

5339

233(2)
4.8 (fixed)

Levy et al. (2005)

X-ray
(Pmax = 21 GPa)

5366

183(4)
7.9(6)

γ-Ni2SiO4
ZnCr2O4
zincochromite

260.5(1.0)
5.14(13)

decreases and the covalent part of the bonding forces becomes
mores important. When interatomic forces are parallel to the
relative position between atom pairs, the elastic constants satisfy
an identity known as the Cauchy condition:
½ (C12 – C44) = P

(9)

where P is pressure. At ambient pressure, ½(C12 – C44) = 0.3 GPa
for MgAl2O4 spinel (Yoneda 1990) and the Cauchy condition is
satisÞed within the uncertainty of the Cij (Table 3). As transition
metals are added, deviation from the Cauchy identity increases
from about 11.4 GPa for gahnite with one transition metal at [4]A
(this study) to 42.5 GPa for magnetite with transition metals on
both [4]A and [6]B (Reichmann and Jacobsen 2004).
The elasticity systematics suggest that the bulk sound velocity
of spinels with nearest-neighbor transition metals would be dramatically overestimated by considering Birch’s Law for spinels
without, or with only one transition metal. As noted above, the Vφ
vs. ρ curve for transition-metal spinels is about a Þve times more
negative than that for spinels having only one transition metal.
Similar changes may be expected for other close-packed oxide
structures such as the AO-monoxides and ABO3-perovskites.
The separate Birch trend for transition metal spinels underlines
the dramatic affect of transition metal elements on the elastic
properties of minerals and the challenge for simple theory to
predict their behavior.

148.3(3.0)
5.39(10)

63.3(1.5) 185.7(3.0)
-0.13(4)
5.1(1)

G (GPa)
G’

VP (m/s)
VS (m/s)
dVP/dP
dVS /dP
(ms–1/GPa) (ms–1/GPa)

110.0
0.61

104.9
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