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The use of the gnomonic projection in the determination 
of the optical indicatrix of crystals. 

By ~.  JOEL, M.Sc. 

Birkbeck College Research Laboratory, London. 

[Taken as read November 2, 1950.] 

Introduction. 

I N a previous paper 1 a description of a method was given which had 
been developed to determine the indicatrix of small crystals, both 

in orientation and magnitude, making use of the simple one-circle stage 
goniometer described by Bernal and Carlisle. ~ 

As was explained there, when a crystal is viewed in parallel polarized 
light, between crossed nicols, the two observed extinction directions are 
the axes of the ellipse determined by the intersection of the indicatrix 
with a plane through its centre parallel to the plane of the microscope 
stage. For each position 0 of the goniometer there are two extinction 
directions (r and r given by the readings on the microscope. These 
directions can be represented on a stereographic proiection at suitable 
intervals of O. I t  was shown there that  the curves determined (on the 
indieatrix and on the stereographic projection) by these extinction 
directions during a complete rotation of the indicatrix about its fixed but 
arbitrary axis must contain the points representing the axcs X, Y, 
and Z of the indicatrix. Furthermore, it was shown how to determine 
the actual orientation of these three axes and to measure the corre- 
sponding three principal refractive indices. 

An a t ~ m p t  is made in the present paper to give the mathematical 
relations involved in the problem. 

Theoretical treatment. 

For the sake of simplicity, instead of rotating the indicatrix and 
studying its central sections parallel to the plane of the microscope 
stage, let us keep the indicatrix fixed and imagine a plane rotating about 

1 N. Joel, Min. Mag., 1950, vol. 29, p. 206. 
2 j. D. Bernal and C. H. Carlisle, Journ. Sci. Instruments, 1947, vol. 24, p. 107. 
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an axis which is parallel to the axis of the stage goniometer and goes 
through the centre of indicatrix. Moreover, let us imagine the indicatrix 
fixed with its Z-axis vertical. The rotation axis of  the stage goniometer 
will no longer be horizontal, but  will have an a rb i t r a ry~bu t  f ixed-- 
orientation. 

The equation of the indicatrix, with refractive indices equal to a, fl, 
and ~ along the X, Y, and Z axes, in cartesian co-ordinates, is 

Ax2+By~+Cz 2 = 1, (1) 

where for simplicity (and throughout the whole paper), A, B, and C 
stand for a -~, f~-2, and 7 -3, respectively. 

Consider on the indicatrix the curves of constant refractive index. 
They are the intersections of surface (1) and the surfaces 

x2+y2+z 2 = n 2, (2) 

where n is the refractive index and takes any value between a and ~. 
They are better represented in polar co-ordinates. I f  ~ is the polar 
angle, measured from the Z-axis, and 2 the azimuthal angle, measured 
from the X-axis towards the Y-axis, the equation is 

N--C  
sin2~ = A -- C- -  (A -- B)sin2h ' (3) 

where N stands for n -e. The rotation axis of the goniometer will be 
represented by its polar co-ordinates ~o and ~0. 

For the mathematical study of this particular problem the gnomonic 
proiectiou is much more convenient than the stereographic projection, 
as the constant refractive index curves become conic sections and the 
rotating plane becomes a straight line rotating about a point. 

If, for instance, the plane of the gnomonic projection is chosen 
perpendicular to the Z-axis of the indicatrix, at  an arbitrary distance d 
from the X Y plane, and its X and Y axes are chosen parallel to the X 
and Y axes of the indicatrix, the equation of the constant refractive 
index curves is: 

(A - -N)x2+(B- -N)y2+(C-N)d  2 = 0. (4) 

The curves are ellipses for C < N < B (that is fl < n < ~) ; hyperbolae 
for B < N < A (~ < n < fl) ; and a pair of parallel straight lines, 

B - - C  



604 N. ~OEL oN 

for N = B (n = fl), which are the  project ions of t he  two circular sec- 
t ions of  the  indica t r ix  (fig. 1). 1 

Consider, in fig. 1, any  s t ra ight  line. I t  represents  a g iven section of  

the  indica t r ix  and  is a t angen t  to two of t he  cons tan t  refract ive  index  

curves (as will be shown below). The two contac t  points  obviously  

represent  the  points  of  m a x i m u m  and min imum refrac t ive  index  along 

Fro. 1. FIG. 2. 

FIG. 1. The constant refractive index curves in the gnomonic projection for 
arbitrarily chosen values of a, fi, and ~. The refractive index decreases from ~ to 
a along the X-axis, and from ~, to fl along the Y-axis. Point P represents the gonio- 
meter axis, and the line through P, a section of the crystal. The dotted curves 
are the vibration-direction curves (or extinction-direction curves) for the given 
position of P. 

FIG. 2. Stereographic projection of the curves of constant refractive index for a 
crystal with A - - B  = B - - C ,  that is 2V = 90 ~ The curves are drawn at regular 
intervals of N. Sections of the crystal are represented by great circles. 

t h a t  line and therefore  represent  the  two v ibra t ion  directions in t h a t  

given section. ( I t  is e a s y  to show t h a t  t h e y  are always 90 ~ apart . )  I t  

follows t h a t  if a l ine ro ta tes  about  a fixed poin t  in the  gnomonic  

project ion (which corresponds to a plane ro ta t ing  about  the  stage gonio- 

mete r  axis), the  locus of the  con tac t  points  will  be the  ext inc t ion-  

direct ion ca rve  (or v ibra t ion-di rec t ion  curve) men t ioned  in the  first 

paper.  Na tu ra l ly  the  same holds for the  s tereographic project ion,  where 

i t  is a great  circle t h a t  ro ta tes  about  a f ixed point.  

x I t  should be noted that whatever the direction chosen for the plane of the 
gnomonic projection, the constant refractive index curves will always be conic 
sections. Their equations may be completely different, but the problem remains 
essentially the same. 
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We shall represent the rotation axis by the point P(xo, Yo), where 
x 0 ~ d tan/z 0 cos ~0 ; Yo = d tan/x 0 sin ~0- 

�9 The tangents drawn from the point P to one of the curves (4) have 
contact points (xl, Yl) and (%, y~) given by 

( A -  N)z  ~ + (B--  N)y  2 + (C--  N)d 2 = 0 

( A - - N ) x o x + ( B - N ) y o y + ( C - - N ) d  2 0 j" 
(5) 

FIG. 3. 
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FIG. 3. Graphical construction (in gnomonic projection) to determine the 
orientation of the goniometer axis (Co) with respect to the indieatrix. 

FIG. 4. Diagram illustrating the change of the plane of  the stereographic pro- 
jection from the position normal to the Z-axis of  the indieatrix to a plane parallel 
to the microscope stage. The polar angles r are measured from the goniometer 
axis (Co), and the azimuthal angles 0 are measured from the plane of the micro- 
scope stage (great circle L). 

When the line rotates about P, the locus of those contact points is 
obtained by eliminating N from the two equations (5) 

( A -- B)x  o xy ~ -  ( A - B)yo x ~ y -  ( B -  C)d2y ~ -  ( A - C)d2x 2 

+ ( B - C ) d ~ y o y + ( A - C ) d 2 x o x  = O, (6) 
or  

( A - - B ) ( x o y - - y o x ) x y + d 2 ( B - - C ) ( y o - - y ) y §  = O. 

In  fig. 1 the curve (6) corresponding to the given position of P is 
shown. 

A line Y - Y o  = r e ( x - % )  is a tangent to two of the constant refractive 
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index curves (one ellipse and one hyperbola) ; their two N-values are the 
solutions of 

p N 2 - - q N + r  = 0, (7) 

where p = d 2 § m2d 2 -t- (Yo-  ~Xo)~, 

q = d'2(A -!- C) -i- mZd2(B § C) ~ (Yo-  mxo)2( A + B), 

r -= dzAC + m2d2BC + (Yo -- ~nXo) 2AB, 

and they correspond to the two refractive indices of tha t  part icular  
section of the indicatrix. 

Conversely, if A, B, C, N 1, and N2 are given, it  is possible to determine 
the equations of the common tangents to the two curves, and the co- 
ordinates of the contact  points. 

Practical application. 

The above considerations, apar t  from explaining the behaviour of the 
indicatrix in the procedure of the method given in the previous paper, 
suggest, amongst other possibilities, the following application. 

In  order to find the optical orientation of a crystal of known optical 
constants, the answer may be obtained by following the method described 
in the previous paper, with small variations. 

But, if for any reason (the crystal 's  shape, for instance) the crystal  
cannot be turned freely in the liquid, the following method is suggested : 

(a) Mount the crystal  on the goniolneter. 
(b) F ix  the stage goniometer in a convenient position 00. 
(c) Note the reading r oll the microscope when the light t ransmit ted  

by the polarizer vibrates parallel to the axis of the stage goniometer, 
and the r and r readings for the crystal in extinction position. 

(d) Measure the two refractive indices of that  given section and note 
whether they increase or decrease when the stage goniometer is turned 
slightly in an arbi t rary  sense. 

(e) Choosing a convenient scale, draw the constant refractive index 
curves ( A - N ) x e + ( B - N ) y e ' - - ( C - N ) d  ~- = 0 for the two measured re- 
fractive indices, t and, to those two curves, draw the pair of' common 

, If many sections of the same crystal have to be studied, it is worth while to 
start drawing a complete chart for the given values A, B, and C at suitable intervals 
of N, either in the stereographic or in the gnomonic projection. ]f many sections 
of different crystals have to be examined, one single chart (in gnomonic projection) 
drawn for any arbitrary values of A, B, and C (for instance A - B  = B--C, that 
is 2V : 90 ~ may be used by altering the scale of the co-ordinates and choosing the 
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tangents  tha t  are not parallel to each other (fig. 3). Alternat ively,  
instead of drawing the two conies, given A, B, C, N I, and N~, the co- 
ordinates of the four contact  points may  be calculated. 

( f )  From the measured refractive indices and the values of r r and 
r r may be associated to the contact  points C 1 and C~, r to C a and C~, 
and it is possible to decide in which one of the three regions of each 
tangent  line lie the points C o and C~ (the eventual  rotat ion axes) asso- 
ciated to r 

(g) I f  a gnomonie net  is available, the ac tua l  position of C o and C~ 
will be easy to find. In  the absence of a net, draw to the line C 1 C 2 the 
perpendicular OK from the origin, and 

-KCo = ~/(d~ §247162162 

where a = tan-~[KCl/~/(g2§ 

and, of course, K'C o = KC o. 

(h) To decide which of the two tangent  lines actual ly represents the 
observed section of the crystal  (which is parallel to the plane of the  
microscope stage), rotate the two tangent  lines about C o and C~ re- 
spectively, in the opposite sense to the rotat ion of the goniometer in 
(d). The one which gives the same variations as in (d) represents the  
section of the crystal  and also the plane of t h e  microscope stage. Let  
us suppose i t  is L ; then C o (x0, Y0) will be the goniometer axis. 

The orientations of the microscope stage and the goniometer axis with 
respect to the indicatr ix have been found. The polar co-ordinates of the 
axis are: tall  A o = yo/xo ; t a n / x  o = ~/(x~+y~)/d. 

(i) The plane of projection, which for simplicity had been chosen per- 
pendicular to the Z-axis of the indicatrix, can now be changed to a 
plane parallel to the microscope stage and the indieatrix referred to it. 
The three axes of the indicatrix will then have co-ordinates r and 0, 
where r is the polar angle measured from the goniometer axis and 0 
the azimuthal angle measured from the plane of the microscope stage. 
I f  a gnomonic net is available, either the rotat ion may  be performed 

proper N-values. The N-values and the factors (p and q) by which the scales have 
to be altered can be easily found from equations of the type: 

A ' - N ;  ~ ' -5 ' ;  C'--N{' 
and two similar equations with N~ and NJ. But if only a small number of sec- 
tions are examined it is still more practical to draw only the pair of curves for 
each case. 
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by translating the line L to infinity, or the six angular co-ordinates 
determined with the help of the net. 

I f  no gnomonic net is available it is also possible to make the change 
by inserting ~o,/~0, and �9 (the angle between L and the X-axis) in a stereo- 
graphic projection and, either performing the rotation by bringing the 
great circle L in coincidence with the primitive with the help of a stereo- 
graphic net, or by directly reading the six co-ordinates on the net 
(fig. 4). 

Alternatively, it is possible to calculate the r and 0 of the three axes. 
They are : 

ex = c~176 Ox = 0z+c~176176 

ey = cos-l[sin t~o. sin ~o], 0y = 0 z+ cot-l[cos tXo. tan ~0], 

r = ~o. O, = cot-l[cos ~o- eo t (~o-  E)]. 

The problem can also be solved using only stereographic projections. 
The two curves to be plotted belong to the family of curves (equation 3), 
and with a stereographic net it is possible to find the great circle which 
touches both (fig. 4). The position of C o is then easy to find, and the 
change of primitive is performed as explained. 
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