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Summary. New generalized extinction curves, derived from wave-normals 
located on a circular cone, are presented. They may be used with the universal 
stage for the accurate location of up to all three of the indicatrix axes, a, fl, ~,, of any 
biaxial crystal, or the optic axis of any uniaxial crystal. 

I N recent years, many interesting methods, both graphical and 
mathematical, have been advanced for locating the principal axes, 

~, fl, y, of the optical indicatrix from extinction curves (Joel, 1950, 1951 ; 
Joel and Garaycochea, 1957; Joel and Muir, 1958; Wilcox, 1959, 1960; 
Tocher, 1962; Joel, 1963; Garaycochea and Wittke, 1964). In  every one 
of these methods the wave-normals giving rise to the extinction curves 
have, for instrumental convenience and simplicity, been coplanar and 
perpendicular to P0, the axis of rotation of the crystal. Nevertheless, it is 
clear tha t  continuous closed extinction curves are in general obtainable 
provided that  the contributory wave-normals themselves lie on any 
continuous closed cone; whether that  cone be circular, elliptical, or, for 
that  matter, completely irregular in its principal cross-section is of no 
importance. However, of the infinite number of possibilities within this 
range, there is one, the circular cone, which is immediately obvious as 
being instrumentally more practicable. Within this limitation to circular 
cones only, there is now potentially available for every axis of rotation, Po 
(the cone axis), an infinite number of wave-normal loci since the angle 

1 This technique was evolved independently and almost simultaneously by the 
two authors who have agreed on a joint presentation. 
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P0 N~ (where N~ is any wave-normal of the cone) may have any value 
between 0 ~ and 90 ~ The special case where Po Nn = 90~ gives rise to the 
extinction curves that  have been used until now; as in this case the 
wave-normals are coplanar and perpendicular to Po, these particular 
extinction curves may be called coplanar extinction curves. The curves 
whose use is proposed here, i.e. those where 0 ~ < Po N~ < 90 ~ are of 
a more generalized type, and will be called conical extinction curves. 

The present paper is concerned only with the introduction of the new 
conical extinction curves and with the presentation of an immediately 
obvious practical application. A more detailed description of the entire 
range of such curves is in course of preparation. 

The conical extinction curves 

General. Representative examples of the new conical extinction 
curves may be seen in figs. 2, 3, 4, 5, 8, 9. They are obviously dif[erent 
from the more specialized coplanar variety, and are apparently more 
complicated. However, both types do have some properties in common: 
to begin with, they consist of two centro-symmetrical curves. In  the 
coplanar case, these two curves, the polar and equatorial curves (Joel 
and Muir, 1958, p. 864), are, in general, quite separate from each other 
and are free from mutual- or self-intersections. This is not, however, 
true in the conical case where, depending on circumstances, the two 
curves may show mutual- or self-intersections, or both, or neither 
(figs. 2, 3, 4, 5, 8, 9). Nevertheless, this apparent complexity is, in 
reality, very useful for, should intersections occur, they do so only at 
one or more of the axes, a,/3, 7', of the indieatrix. 

Any general radius vector to the indicatrix, although lying in an 
infinite number of central elliptic sections of the indicatrix, can be a 
principal axis, major or minor, of only one such elliptic section. In this 
ease only will the general radius vector define a vibration direction 
(cf. Tocher, 1962, p. 53). Thus, any one general vibration direction can 
only be associated with one wave-normal, or to be more precise, with 
two wave-normals 180 ~ apart. However, in conical extinction curves 
there can be no wave-normals 180 ~ apart, so that  neither of the two 
vibration directions associated with any general wave-normal of the 
Cone can coincide with a vibration direction associated with any other 
wave-normal of the same cone: on the conical extinction curves there 
can therefore be no repetition of any general vibration direction, i.e. 
no general vibration direction can be defined by an intersection or point 
of coincidence. 



CONICAL EXTINCTION CURVES 855 

Special vibrations, however (those in the ~, f~, y directions), Can each 
be associated with an infinite number of special wave-normals (with 
those lying in the fly, a~, and aft planes respectively). I f  the wane-normal 
cone includes two such special wave-normals lying in any one of these 
planes, i.e. if ~he wave-normal cone crosses a principal plane of the 
indicatrix, then the principal vibration normal to this plane must appear 
twice on the resultant conical extinction curve (four times if both ends 
of the wave-normal cone, both ends of the vibration vectors, and both 
stereographic hemispheres are considered). Thus, the principal vibration 
direction concerned must be defined by an intersection or point of 
coincidence. The number of such intersections or points of coincidence 
is, of course, equal to the number of principal planes of the indicatrix 
that  are crossed by the wave-normal cone. 

The wave-normal cone (plane) associated with the coplanar extinction 
curves crosses all three principal planes of the indicatrix (cf. Joel, 1950, 
pp. 208-209), but, despite this, the three special points, a, fl, y, or / the  
resultant coplanar extinction curves are not self-evident at first sight. 
This is because they are superficially undifferentiablc from the infinite 
number of general points of coincidence associated with the infinite 
number of general wave-normals of the plane: every general vibration 
direction lying in a coplanar extinction curve is associated with two 
general wave-normals 180 ~ apart, so that  each of the polar and equatorial 
extinction curves, apparently simple and free of intersections, is, in 
reality, double with an infinite number of points of coincidence (the 
term 'intersection' would here be invalid). 

From the practical viewpoint there is an interesting consequence of 
this major difference between the coplanar and conical extinction 
curves: whereas a 180 ~ rotation about Po suffices for the plotting of 
the former in its entirety, a full 360 ~ rotation is necessary in the case 
of the latter. 

Biaxial examples.. In order to demonstrate some of the properties of 
conical extinction curves a few theoretical examples have been plotted. 
These theoretical curves were constructed as shown in fig.: 1. For any 
wave-normal N of the cone, where the angle Po N = r the vibration P 
in the associated wave-front F is determined as the bisector of angle CC'. 
The points, C, C', are the points of intersection of the wave-front F with 
the circular sections tic and tiC'. The second vibration, P', is then 
plotted on the wave-front F at 90 ~ from P. Vibrations associated with 
successive wave-normals chosen at suitable intervals around the cone 
are then plotted in the same way, the paper  being rotated about its 
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cen t r e  P0 in o rder  t h a t  t h e  se lected w a v e - n o r m a l s  of  t h e  cone fal l  

successively  on  t h e  d i a m e t e r  n o r m a l  to  t h e  g rea t  circles of t h e  ne t .  

I t  m u s t  be  n o t e d  here  t h a t ,  s ince t h e  w a v e - n o r m a l s  lie on  a sma l l  

circle, cen t re  P0 a n d  rad ius  ~b, t he  assoc ia ted  w a v e - f r o n t s  m u s t  all  be  

t a n g e n t  to  a n o t h e r  smal l  circle, cen t re  P0 a n d  rad ius  90~ ( speak ing  

~" t" 

I 

FIGS. 1 and 2: FIG. 1 (left). Stereogram illustrating the plotting of theoretical 
conical extinction curves. The rotation axis P0 is in the centre of the stereogram. 
Also shown : biaxial indicatrix axis fl ; circular sections ~C and tiC' ; wave-normal h ~ 
(angle P0 N ~ r and its associated wave-front F ; vibration P, located in wave- 
front F, and bisecting angle CC' ; vibration P ' ,  located in wave-front F at  90 ~ from P. 
FIG. 2 (right). Stereogram illustrating theoretical conical extinction curves in a 
biaxial crystal for ~b = 0 ~ (4 points on primitive, one of which is labelled 0), 10 ~ 
(broken line), and 26 ~ (continuous line). Also shown : biaxial indicatrix axes, a, ~, ~,; 
optic axes, A 1, A~ (A 1 A~ = 2V = 90 ~ ; circular sections, flA1, ~A2 ; initial (a 1 = 0 ~ 
wave-normals, N ( = P0), N', N", of the wave-normal cones for which az ( = ~b) --0% 
10 ~ L, 26 ~ L, respectively ; the wave-fronts, F, F ' ,  F", associated with N, N', 57 ~ 
respectively. The vibrations in the initial wave-fronts F '  and F ~ are marked by dots 
on the corresponding extinction curves (accompanying arrows indicate direction of 

movement along the extinction curves as the paper turns clockwise). 

t h r e e - d i m e n s i o n a l l y ,  t h e  w ave - f r on t s  are  t a n g e n t  to  a c i rcu la r  cone t h a t  

is po la r  to  t h e  w a v e - n o r m a l  cone). Moreover ,  all  t h e  w a v e - f r o n t s  m u s t  

lie w h o l l y  w i t h i n  t h e  be l t  or girdle b e t w e e n  th i s  second  smal l  circle a n d  

t h e  p r i m i t i v e  circle (or t h e  g rea t  circle n o r m a l  to  Po i f  t h e  l a t t e r  is n o t  

p l o t t e d  cent ra l ly) .  Hence ,  t h e  e x t i n c t i o n  cu rves  t h e m s e l v e s  m u s t  l ie 

whol ly  w i t h i n  t h e  s a m e  be l t  or g i rd le :  t h e i r  m a x i m u m  d e p a r t u r e  f r o m  

t h e  p r i m i t i v e  circle (or  t h e  g rea t  circle n o r m a l  to  P0) is t h u s  ~b. 

Figs.  2, 3, a n d  4 s h o w  some conical  e x t i n c t i o n  cu rves  t h a t  were p l o t t e d  

as exp l a ined  above .  I n  all of  these  t h e  ind ica t r ix ,  s h o w n  in  t e r m s  of  t h e  

p r inc ipa l  v ib ra t i ons ,  a, fl, V, t he  o p t i c  axes,  .41, A~, a n d  t h e  c i rcu la r  
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sections, has 2V = 90 ~ and is in a fixed or ien ta t ion  wi th  respect  to the  

cone axis, Po, which is p lo t ted  central ly.  The only var iable  pa rame te r  

is ~b, t he  cone angle;  and the  conical ex t inc t ion  curves associated wi th  

several  values  of ~b are shown. 

W h e n  r = 0 ~ the  special  case where the  cone degenerates  in to  a 

single wave-normal  N in coincidence wi th  the  cone-axis P0, the  ext inc-  

t ion  curves  consist  of the  two v ibra t ions  associated with  t he  wave-  

I 

\ 701 
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FIGS. 3 and 4: FIG. 3 (left). Theoretical conical extinction curves for r = 40 ~ (con- 
tinuous line) and 70 ~ (broken line). Otherwise as in fig. 2 with the omission of initial 
wave-normals and associated wave-fronts. FIG. 4 (right). Theoretical conical 
extinction curves for ~b = 80 ~ (continuous line) and 90 ~ (broken line). The latter is 
the well-known coplanar extinction curve. Otherwise as in fig. 2 with the omission 

of initial wave-normals and associated wave-fronts. 

normal  N = Po. These are shown as four  points,  one of which is labelled 
O, on the  pr imi t ive  circle (fig. 2). 

W i t h  ~ = 10 ~ (broken lines, labelled 10, fig. 2) the  curves  are two 

closed ovals  e longated in the  direct ions of a, fl, ~. 
The va lue  ~b = 26 ~ (continuous lines, labelled 26, fig. 2) was then  

chosen since a is 26 ~ f rom the  pr imi t ive  circle: the  curves have  the  same 

general  shape as in the  last  case except  t h a t  one of t h e m  has a cuspuate  

e longat ion  t e rmina t ing  in the  po in t  ~. 

I n  fig. 2 the  positions of the  wave-normals ,  N ( =  Po), N ' ,  and N",  

where r = 0 ~ 10 ~ and 26 ~ respect ively,  and of the  corresponding wave-  

fronts,  F ,  F ' ,  and F" ,  are shown, to indicate  the  ini t ial  posi t ion of the  

ne t  in each case. I n  figs. 2, 3, 4, the  vibrat ions ,  P and  P' ,  for these  

ini t ial  posit ions have  been marked  as unlabel led dots on each of the  

ex t inc t ion  curves, and arrows have  been placed alongside t h e m  to 
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indicate the direction of movement along the extinction curves as the 
paper is rota ted clockwise. 

With  r = 40 ~ (continuous lines, labelled 40, fig. 3) the two curves 
show a mutual  intersection at  fl and one of them a self-intersection at  a. 

With  r = 70 ~ (broken lines, labelled 70, fig. 3) the only new feature is 
the addit ion of a self-intersection in the second curve at  ~,. 

With  r = 80 ~ (continuous lines, labelled 80, fig. 4) the two curves are 
again quite separate from each other. One, the smaller, shows a self- 
intersection at  ~, while the other shows two self-intersections at  ~ and ft. 

Wi th  r = 90 ~ (broken lines, labelled 90, fig. 4) the two curves are the 
well known polar and equatorial  coplanar ext inct ion curves. The manner 
in which these split or become double as r departs  from 90 ~ can be 
clearly seen. 

Uniaxial examples. Three theoretical  examples have been plot ted 
(fig. 5) for a uniaxial  case with the optic axis A at  26 ~ from the primit ive 
circle. The extinction curves for wave-normal cones where r : 14 ~ 
50 ~ and 70 ~ are shown by broken, dotted,  and continuous lines respec- 
t ively. The circular section C contributes, in each case, the second par t  
of the extinction curve but  only tha t  par t  of it  lying within the extinct ion 
curve belt  or girdle, i.e. only tha t  par t  of i t  within the angle r from the 
pr imit ive circle. Marks on the circular section, labelled 14 and 50, 
indicate the l imit  of its contribution to the extinction curves for these 
values of r In  this part icular  orientation of the indicatr ix,  the entire 
circular section constitutes one of the curves when r ~ 70 ~ 

Equation of the conical extinction curves 

Let  i, j ,  k be three unit  vectors, mutual ly  perpendicular,  and paralle 
to the three principal axes, a, g, 7, of the ellipsoid. Let  A = a -s, B = fl-2, 
C = ~-2, where a, fi, ~ are the three principal refractive indices of the 
crystal.  

A vibrat ion direction will be represented by  a unit  vector r ,  and its 
associated wave-normal by  a unit  vector n. These vectors, r and n, 
satisfy the relations: d r . r  = 0, d r . n  = 0, and d r . O . r  = 0, where 

is the dyadic,  �9 = Aii+Bjj+Ckk. The notat ion used here is t ha t  
of Joel and Garaycochea (1957). 

I t  follows tha t  the vectors r ,  n, and O . r  are coplanar. That  is, 
n = A r + / ~ O . r .  

In  order to determine A and/~ we mult iply  this equation first by  n 
and then by  r (scalar products) and then, using the fact t ha t  r . n  = 0 



CONICAL EXTINCTIOR" CURVES 859 

and n e =r 2 ~ I, we get 1 =tLn.O.r and 0 =2~-~r.O.r. Solving 

for ~ and tL, and substituting, 

(n.O.r)n = O.r- (r.O.r)r. (I) 

Now, in the conical extinction curves, the wave-normals n are all 

on a circular cone around a given unit vector r0, i.e. they all form an 

angle ~ with r o (r 0 is parallel to the rotation axis of the crystal--one of 

the universal stage axes or the axis of a t i l ted spindle stage), so tha t  
n . r  o = cosr 

Therefore, if we mul t ip ly  equation (1) by  r o (scalar product),  i t  follows 
tha t  

( n . r  r = r o . r 1 6 2  ). ~ (2) 

The vector n, which still appears in equation (2), must  be el iminated 
in order to have the equation of the extinction curve corresponding to 
the angle r around r o. This elimination follows quite s imply if i t  is 
remembered tha t  n, r ,  and r  are coplanar, tha t  n and r are mutual ly  
perpendicular,  and tha t  n and r (but not r  r)  are of unit  length. There- 
fore ( n  . r  r) 2 = ( r  r)  e - -  (r  . r  r )  e, (3)  

so that ,  by  squaring equation (2) and subst i tut ing for n . r  r ,  we have 

[ r o . r 1 6 2  2 = [ ( r 1 6 2  (4) 

which is the equation of the conical extinction curve. I t  is immediate ly  
apparent  t ha t  when cos ~b = 0 (r = 90 ~ the r ight-hand side of this 
equation vanishes and the equation reduces to tha t  of the coplanar 
extinction curves (Joel and Garaycochea, 1957, p. 405, equation (5)). 

In  equation (4), �9 is the dyadic  A i i §  bu t  i t  can also be 
replaced in this equation by  another dyadic q~ which is defined in terms 
of two vectors only, both  of them in the optic axial  plane of the indicatrix.  
There are two expressions for q~: ~o = a 1 a 2 §  ~ al,  where a~ and a e are 
unit  vectors parallel  to the two optic axes;  and q~ = 2(kk cos2V, - 
i i  sin2V~), where V~ is the angle between one optic axis and the Y axis 
of the ellipsoid (Garaycochea and Wit tke,  1964). 

~o expressed in terms of a~ and a 2 is par t icular ly  useful in the case of 
uniaxial  crystals where one can put  a~ = a s = a. After some manipula-  
t ion of equation (4) i t  emerges tha t  one port ion of the conical extinction 
curve for a uniaxial  crystal  is the curve 

[(r 0. r ) (a .  r ) - -  (a. ro)] 2 = [1--  (a. r)2]cos2~b (5) 

which goes through a, but  not through r o unless cos r = 0 (r = 90~ 
The other portion is all or par t  of the circular sec t ion-- in  fact, those 
parts  of i t  within an angular distance of ~b from the plane perpendicular  

to r o. 
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Universal stage al~lication 

General. C o n i c a l  e x t i n c t i o n  c u r v e s  a r e  u s a b l e  w i t h  t h e  u n i v e r s a l  s t a g e  

in  t h e  s o l u t i o n  o f  p r o b l e m s  s i m i l a r  t o  t h o s e  fo r  w h i c h  J o e l  a n d  M u i r  

(1958) a d v o c a t e  t h e  u s e  o f  c o p l a n a r  e x t i n c t i o n  c u r v e s  fo r  r e f i n i n g  t h e  

p o s i t i o n s  o f  o r t h o s c o p i c a l l y  o r  o t h e r w i s e  d e t e r m i n e d  i n d i c a t r i x  a x e s  a n d  

fo r  o t h e r  s p e c i a l i z e d  p r o b l e m s - - a n d  fo r  t h e  s a m e  r e a s o n s :  ' . . .  t h e  

";'" ....... "': P" / E 

R~ 

FIGs. 5 and 6: FIG. 5 (left). Uniaxial  case. Theoretical conical extinction curves for 
r = 14 ~ (broken line), 50 ~ (dotted line), and  70 ~ (continuous line) in the  case where 
the  angle P0 A 64 ~ (A = optic axis). For  r = 70 ~ one portion of the  ext inct ion 
curve is the  circular section C. For r = 50 ~ and  14 ~ only those par ts  of  the  circular 
section between the primit ive circle and  the  points  labelled 50 and  14 respectively 
contr ibute to the  extinction curve. FIG. 6 (right). Stereographic plot t ing of universal  
s tage observations with P0 central. The initial wave-normal ,  N 1 (a 1 : 0~ of the  cone 
and  the  associated wave-front,  F1, are defined by  P0 N1 = r -- a2 = 30~ L. Vibra- 
t ion P1 is plot ted on wave-front  F 1 with reference to R I ( = As) as zero point  in 
terms of R 1 P1 = 01 = a5 = - 1 7  ~ and P~ is plot ted 90 ~ from PI.* Wave-normal  
N 2 of the  same cone and  its associated wave-front  F~ are plot ted on the  basis of  
N1 P0 N~ = r -- a 1 = § 40 ~ Vibrations P2, P2 are plot ted on wave-front  F a wi th  
reference to R2, the  new position of A~, and in t e rms  of the  new extinction angle 

O~ = -- 36 ~ 

* Readings  on axes A1, A S, A 5 are indexed § and  -- according as they  are 
measured  by  clockwise or anticlockwise rotat ion from the  zero position. 

e x t i n c t i o n  p o s i t i o n  . . . c a n  a l w a y s  be  d e t e r m i n e d  w i t h  m u c h  g r e a t e r  

p r e c i s i o n  t h a n  t h a t  w i t h  w h i c h  a n  o p t i c  s y m m e t r y  p l a n e  c a n  be  l o c a t e d  

b y  t h e  o r t h o s c o p i c  m e t h o d '  (loc. ci t . ,  p.  861) .  T h e  u n i v e r s a l  s t a g e  m a n i p u -  

l a t i o n  in  t h e  c a s e  o f  c o n i c a l  e x t i n c t i o n  c u r v e s  is,  h o w e v e r ,  r a d i c a l l y  

d i f f e r e n t  f r o m ,  b u t  n o  less  s i m p l e  t h a n ,  t h a t  f o r  c o p l a n a r  e x t i n c t i o n  

c u r v e s .  
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Wave-normal cones of small ~b. There are two al ternative and equally 
effective methods of generating these cones and of determining the 
associated extinction curves with the 4-axis universal stage. In  one, 
the axes A a and Aa are set at  zero (in fact, simpler 2- or 3-axis stages 
may  be used), the stage is t i l ted about  A s through some suitable angle ~b 
( =  a2) I to right or left of the zero point  and locked, and all subsequent 
rotat ions are made on A 1 and A 5 only (or A 1 and A 3 if  preferred). With  
A 2 t i l ted through the angle r ( =  as) , the axis A 1 makes the angle ~b 
( =  a2) with the microscope axis A 5. Rota t ion on A 1 by  suitable stages 
through 360 ~ then permits  examination of the specimen via a series of 
wave-normals whose locus is a circular cone, axis A 1 ( =  Po) and semi- 
angle a 2 ( =  r For  every setting about  A 1 extinction is obtained by  
rotat ion about  A 5 (or A3) and the angles, a 1 and a 5 (or a3) respectively, 
are noted and used in plotting. 

In  the al ternative method, axes A a (or ,41) and A t are used instead 
of A1 and A s respectively, while extinction angles are measured on A 5. 
With  the 5-axis universal stage the number  of possible combinations of  
axes is, of course, great ly increased. 

In  special cases (Joel and Muir, 1958, p. 870) prel iminary rotat ions 
may  have to be made about  the inner axes, A1, As; after these are made, 
the only procedure tha t  can be used with the 4-axis stage is the second 
outlined above, using axes A3, Aa, and A 5. In  fact, manipulat ion of 
axes A a and A t is in general more precise than  tha t  of A 1 and A 2. 

Wave-normal cones of large ~b. A simple method of generating these 
cones and of determining the associated extinction curves with the 
4-axis universal stage is as follows: axis A a is set and locked in i ts zero 
position so tha t  A 2 is perpendicular to A 4 ; the stage is then t i l ted about  
A 4 through some suitable angle ~a to north or south of the zero position 
and locked; all subsequent rotat ions associated with any individual  
wave-normal cone are then made on A 2 and A 5. Wi th  A a rota ted through 
the angle ~a, the axis A 2 makes the angle 9 0 ~  with the microscope 
axis A 5. Rota t ion about  A s ( =  Po) by  suitable stages, up to the instru- 
mental  limit, permits  examination of the specimen via a series of wave:  
normals whose locus is par t  of a circular cone, axis A 2 ( =  Po) and semi- 
angle 90~ ( =  r For  every setting about  As, extinction is obtained 
by  rotat ion on A 5. The angles, a 2 and a5 respectively, are noted for use 
in plotting. Should the need arise, a further par t  of this cone of wave- 

1 Following the terminology of Joel and Muir (1958, p. 867) the angles ~1, ~,..., ~5 
are the angular rotations about axes A1, As,..., A S respectively from their zero 
positions. 
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normals may be obtained by rotating about A 2 until the lower hemi- 
sphere is uppermost and repeating the process to the instrumental limit 
in this position. Alternatively, this may also be achieved by inter- 
changing N for S or vice versa in the direction of rotation about A 4 and 
ensuring that  a4 N = a  4 S. Moreover, the specimen may be rotated 
about an unlimited number of axes of rotation, P0, in the plane of the 
inner stage, by varying the setting about A 1. 

With the 4-axis stage, no provision, other than choice of the most 
suitable position about A1, can be made for preliminary setting of the 
inner stage to accommodate special cases (Joel and Muir, loc. cit.). The 
5-axis stage, however, permits preliminary setting of both A 1 and A 4 
(inner E.-W. axis), followed by use of the other axes as outlined above. 

I t  may be noted here that  wave-normal cones of large ~b may also be 
generated by use of the simple spindle stage : the spindle axis is simply 
set at some convenient angle other than 90 ~ to the microscope axis. 

Plotting 

General. P0, the axis of rotation of the specimen, may be plotted at 
any point in the stereogram; but for simplicity and in order that  it may  
have some simple spacial relationship to the specimen and to the 
universal stage arrangements it is convenient to plot Po in the centre 
when represented by A 1 or A a and on the primitive circle when repre- 
sented by A s. Of the two methods of plotting, the former, with Po 
central, is the less time-consuming. 

I f  not more than one extinction curve is to be plotted on the stereo- 
gram, then it is also simpler to plot Po in the centre even in the case 
where Po is represented by As; if, however, this curve is to be plotted 
in association with other conical extinction curves based on wave-normal 
cones of large or small ~b or with one or more coplanar extinction curves 
(see Refinements, below), then the second method of plotting, with Po 
on the primitive circle, provides the only simple approach. 

Po ( =  A1) central.1 The wave-normals N1, Nu ..... N~ of the cone lie 
on the circumference of a small circle, centre Po and radius r ( =  as) 
(fig. 6). In the case of any wave-normal of the cone, say N 1, the associated 
wave-front F 1 makes the angle r ( =  as) with the primitive circle. For 
this particular observation, N 1 also represents, of course, the microscope 

1 This plotting technique is described on the basis of the manipulation of axes 
A1 ( -  P0), A~, and A 5 only. If any of the other axial combinations outlined above 
are employed, then the plotting instructions must be suitably modified. 
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axis As, and plane F 1 the microscope stage. A2, perpendicular to both 
A1 ( =  P0) and A 5 ( =  N1) , lies, therefore, on the pr imit ive circle at  its 
intersection (R 1 in fig. 6) with plane F 1. This point  R 1 marks the  zero 
point  for plott ing the extinction angle 01 ( =  as) on plane F 1. The 
vibrat ion PI will be plot ted on plane F 1 at  the angular distance 01 
from R1, clockwise or anticlockwise according as the extinct ion angle a 5 

w'~~. ~, / 
po <c, 

FIos .  7 and  8: FIG. 7 (left). S t e reograph ic  p l o t t i n g  w i t h  P0 on the  p r i m i t i v e  circle.  
P0 is l oca t ed  w i t h  respec t  to  t he  s o u t h  po in t  of the  s t c r e o g r a m  in t e r m s  of the  angle  
a 1 = - -30  ~ The  i n i t i a l  w a v e - n o r m a l  N 1 (a 2 = 0 ~ of t he  cone a n d  t he  a s soc i a t ed  
wave - f ron t  FI ,  are  def ined b y  P0 NI = ~b 90~  (a4 = 30~ S). V i b r a t i o n  P1 
is p l o t t e d  on wave - f ron t  F 1 w i t h  respec t  to  R 1 ( =  A4) as zero po in t ,  in  t e r m s  
of  R 1 P 1 = 0 1 -  a5 = §  and  P~ is p l o t t e d  90 ~ f r o m P 1 .  W a v e - n o r m a l  N z of  
t he  same  cone a n d  i t s  a s soc ia t ed  wave - f ron t  F~ are  p l o t t e d  on t h e  bas i s  of  
N1 P0 N2 = ~b = a s = 40 ~ L. R~, the  new pos i t ion  of  A4, a t  the  in t e r sec t ion  of  wave -  
f ron t  F 2 and  t he  p lane  po la r  to  P0, m a r k s  the  zero po in t  for p l o t t i n g  v i b r a t i o n s  Pz 
a n d  P~ in  t e r m s  of  the  new e x t i n c t i o n  angle  02 = + 1 9  ~ Fz(~. 8 ( r ight) .  P o i n t s  of  
a n  e x p e r i m e n t a l  conical  e x t i n c t i o n  curve  (~h = aa = 40 ~ for a c r y s t a l  of  a n d a l u s i t e  

showing  d e t e r m i n a t i o n  of the  i n d i c a t r i x  axes  a a n d  7. 

has been measured anticlockwise or clockwise respectively from the 
zero position. The second vibration, P'I, associated with the same wave- 
normal N1, is of course plot ted 90 ~ from P1 in the same wave-front F 1. 
I f  rotat ing nicols are used with a s ta t ionary stage, then the plot t ing of 
01 will be in the same sense as the associated nicoI rotat ion from the 
zero position. 

As rotations, clockwise or anticlockwise, are made about  A 1 to 
provide new wave-normals, then A 2 simply migrates around the primi- 
t ive circle in the opposite sense and by the same amount.  For  example, 
in fig. 6, N 2 is related to N 1 by  a clockwise rotat ion of 40 ~ about  AI:  
R 2 is normal to the plane Pc N2 and 40 ~ anticlockwise from R 1 on the: 
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primitive circle. In  order to use a great circle of the net for wave-front 
F e the paper is, of course, rotated clockwise by 40 ~ and R 2 plotted at 
the termination of the great circles. The extinction angle 02 and the 

I vibrations P2 and P2 are plotted on plane F s in the same way as for 
81, t~ P'I on plane F 1. This process is repeated for every wave-normal 
N1, N s ..... N~ of the cone, the paper being rotated progressively in the 
same sense and by the same amount as the successive rotations about 
A 1 until the full rotation of 360 ~ has been completed. 

In  practice, of course, the wave-normals themselves need not be 
plotted. A mark is simply made on the primitive circle to represent the 
original position of A 2 ( =  R1) when A 1 is in the starting position. The 
paper is then rotated progressively about the centre of the net in 
sympathy with rotations about A1, and the extinction angles ~ are 
plotted on the particular great circle of the net which makes the requisite 
angle r ( =  a2) with the primitive circle. 

Should preliminary fixed settings other than zero be required on axes 
A 1 or A s or both to accommodate special cases, then the axial combination 
Aa ( =  Po), A4, A5 will be used. Plotting should, in the first instance, 
as suggested by Joel and Muir (1958, pp. 873-874), proceed as outlined 
above, with due allowances for the new axial combination; the positions of 
the indicatrix axes deduced thereby are eventually rotated to their proper 
orientations with respect to the plane and zero point of the inner stage. 

Po ( = A2) on the primit ive circle. Plotting in this orientation, although 
slightly less convenient and involving more manipulation of the net, is 
no less simple than with Po central. As a preliminary to plotting, Po 
must be correctly located on the primitive circle in terms of the angle al. 
With the great circles of the net running N-S, a mark is made on the 
paper at the south point to represent the A 1 zero mark. I f  the paper is 
then rotated in sympathy with the rotation of the inner stage about A1, 
the points of termination of the great circles at the N and S points of 
the net represent axis A s ( =  Po). Fig. 7 shows the case where o~ 1 = 330 ~ 
i.e. 30 ~ anticlockwise from zero. 

Po having been located, the wave-normals N1, N 2 ..... N~ of the cone 
lie on the circumference of a small circle, centre Po and radius ~b 
( =  90~ In  the case of zero rotation about As, i.e. when ~2 = 0~ 
the wave-normal lies in the plane through A 2 ( =  P0) and perpendicular 
to the plane of the inner stage. I t  is thus most conveniently plotted on 
the vertical great circle through A 2 ( ~  Po)" I t  is shown as N 1 in fig. 7. 
The associated wave-front, F1, as in fig. 6, makes the angle r (=  90 ~ - %) 
with the plane polar to Po-- the paper must, of course, be rotated as 
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necessary to construct this wave-front or to plot points within it. For 
this particular observation, N 1 also represents, of course, the microscope 
axis A 5, and plane F 1 the microscope stage. A4, perpendicular to both 
As ( = Po) and A 5 (=  N1), is therefore the pole of great circle Po N1 : it 
is the point of intersection (R 1 in fig. 7) of wave-front F 1 and t.~e plane 
polar to Po and, in this particular case, since plane Po N1 is vertical, it 
also lies on the primitive circle. Thus, point R 1 marks the zero point 
for plotting the extinction angle 01 (=  a~) on plane F 1. Plotting of the 
vibrations P1 and P'I within the wave-front F 1 follows the same direc- 
tional rules with respect to R 1 as when P0 is central (see above). 

As the specimen is tilted to left or right about A s to provide new 
wave-normals, then A 4 simply migrates along the plane polar to P0, to 
the left or right of R 1 for ~2 L or a s R readings respectively (Joel and 
Muir, 1958, p. 867). For example, in fig. 7, N 2 is related to N 1 by a tilt 
of 40 ~ L (upwards to the left and read on the left arc) about As; R~ is 
polar to the plane Po N2 and 40 ~ to the left of R r R 2 lies in wave-front 
F~ whose pole is N~, and it is the zero point for plotting the vibrations 
P2 and P~ on the basis of the extinction angle 0 z. 

In practice, the wave-normals N1, N 2 , . . . , N  ~ must be plotted, but the 
points R1, R~ ..... R~ and the wave-fronts F1, F 2 ..... F .  need not be 
marked on the paper. Afte r P0 and the small circle of wave-normals are 
located, the plane polar to P0 (plane R 1 R~ in fig. 7) is drawn. Then the 
point R~ associated with the wave-normal N~ is simply the point of 
intersection of plane R 1 R~ with the plane normal to N n. 

If, to obtain as much of the extinction curve as possible, the inner 
stage is inverted by rotation about As, then the re: ~ted plotting can be 
carried out in the following way. Invert the tracing paper on the net 
by rotation of 180 ~ about the horizontal axis Po (=  As) and plot exactly 
as outlined above: the resultant points on the extinction curve are on 
the lower hemisphere. Having plotted all that is possible in this orienta- 
tion, return the tracing paper to its original orientation and transfer the 
lower hemisphere points to the upper hemisphere by simple reflection 
through the centre. These two ~eps can be done in one simply by 
inverting the tracing paper around the line R 1 R~ perpendicular to Po, 
bearing in mind that the resultant points, although plotted on the 
underside of the paper, are actually upper hemisphere points. 

Refinements 

In general, a complete conical extinction curve will not be required 
to locate any particular indicatrix axis: the position of the axis can be 
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located approximately by normal orthoscopic methods and the selected 
conical extinction curve plotted only in its immediate vicini ty-- the 
intersection is all that  is required. In  any particular case, the value of r 
should be carefully selected with certain considerations in mind�9 I f  the 
indicatrix symmetry plane normal to one of the axes, a, fl, or N, has been 
found, orthoscopically, to make an angle r  with the universal stage 
axis A 3 (making allowance for any fixed preliminary settings about ~41 
or A s or A~), then r  is the minimum value of r that  permits a conical 

�9 : ' ~ '  . .  �9 . . . .  

�9 " ~ ~ "  a : 

FIG. 9. P o i n t s  o f  a n  e x p e r i m e n t a l  e x t i n c t i o n  c u r v e  (~ = ~4 = 30~ for  a c r y s t a l  o f  
m u s c o v i t e  s h o w i n g  d e t e r m i n a t i o n  o f  t h e  i n d i e a t r i x  axes  fl a n d  y.  

extinction curve to include that  particular indieatrix axis (in this ease 
A~ = P0). For minimum accuracy, ~ should be at least a few degrees 
larger than the appropriate minimum value in order that  the wave- 
normal cone intersect the plane and that, as a result, an intersection 
may appear on the extinction curve�9 In  general, and within obvious 
limits, the greater the margin by which r exceeds the appropriate 
minimum, the greater the accuracy of the intersection, provided that,  
at the same time, errors due to excessive tilt of the stage are not intro- 
duced. Experiment will show, in any individual case, the best balance 
between the attainment of maximum accuracy of intersection and 
minimum tilt errors. Moreover, the ideal value of r will not, in general, 
be the same for defining all of the available indicatrix axes (at least two, 
and in favourable cases all three, of them are determinable)- 

Greater accuracy can, of course, be achieved by plotting partial 
conical extinction curves for more than one value of ~b, large or small, 
in the case of each determinable indicatrix axis. The standard of 
accuracy achieved in each case would then be given by the spread of the 
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points  of intersect ion.  Fur ther ,  if  desired, conical ex t inc t ion  curves  

using values of ~b over  the  pract icable  range a t ta inab le  m a y  be combined  

wi th  coplanar  ex t inc t ion  curves produced  by  ro ta t ion  abou t  ,42 or Aa 

fol lowing Joe l  and Muir (1958). The combined  curves  m a y  all be p lo t t ed  

on the  same s tereogram, the  small  ~b conical set wi th  P0 cent ra l  and bo th  

the  large r conical sets and the  coplanar  sets wi th  the  var ious  points  Po 

on the  pr imi t ive  circle. All  these curves should in tersec t  at  the  de te rmin-  

able ind ica t r ix  axes. 

Examples 

Two examples  of the  use of this t echnique  are presented.  Fig. 8 

shows the  p lo t t ing  of an exper imenta l  conical ex t inc t ion  curve  

(~b = aa = 40 ~ for a crystal  of andalus i te  and  the  direct  de te rmina t ion  

the reby  of the  indica t r ix  axes, a and V. I n  this case, the  inner  hor izonta l  

axes were also t i l ted  to bring the  crys ta l  in to  a suitable or ienta t ion.  

Fig. 9 shows an exper imenta l  ex t inc t ion  curve  (~b = ~a = 30 ~ for a 

crys ta l  of muscovi te  wi th  its cleavage near ly  paral le l  to the  plane of t he  

th in  sect ion:  the  ind ica t r ix  axes, fi and V, are d i rec t ly  de te rmined .  
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