RAPID DETERMINATION OF INTERPLANAR SPACINGS
FOR TRIMETRIC CRYSTALS
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ABSTRACT

A rapid and accurate technique of determining interplanar spacings for trimetric
crystals by the use of a grid based on Peacock’s graphical method is described. Interplanar
spacings of chalcanthite were determined by such grid measurements and showed re-
markable agreement with the calculated values. The procedure for keeping the method at
its highest degree of accuracy is discussed. Miller indices are assigned to some of the lines
of a powder film of chalcanthite on the basis of the spacing values.

INTRODUCTION

A graphical method of determining the interplanar spacings in tri-
metric lattices, given the values of the interaxial angles and the unit
translations, has been described by M. A. Peacock (1938). This method
is far more rapid than the laborious mathematical calculations necessi-
tated by the standard formulae. Herewith is described a grid which
greatly increases the speed of this graphical method yet maintains or
improves its degree of accuracy. The ease with which lattices, regardless
of symmetry, are handled by the method is illustrated by a triclinic
example.

PRINCIPLES OF THE GRAPHICAL METHOD

The procedure for the graphical method involves: (1) the drafting of a
scale model of the reciprocal lattice, and (2) the measurement of distance
between the lattice origin and the various “face poles” of the reciprocal
lattice model.

The first step may be accomplished (Fig. 1a) by developing an ordinary
gnomonogram into an orthographic projection of a gnomonic lattice!
whose origin is at the center of the sphere of projection. On this scale the
distance between adjacent levels of the reciprocal lattice (i.e. those paral-
lel the plane of the gnomonogram) equals 7, the radius of the fundamental
sphere. These layers are termed 0-level, 1-level, 2-level, etc., according
to the number of radii at which they are located above the origin. The
1-level in Fig. 1a is, of course, the gnomonogram of classical crystallog-
raphy and the primed gnomonic projection constants p,’, gq¢’, etc., are
used in its construction.

* Present address: Department of Geology, University of Tennessee, Knoxville, Tennes-
see.

! Here used to designate a reciprocal lattice on the same scale as a similarly oriented
gnomonogram of the crystal.
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The second step, measurement of the central distance® of the gnomonic
lattice point, is accomplished essentially through use of cross sections
similar to 4B of Fig. 1b. These all involve right triangles (cf. OOsP of
Fig. 1b) with one apex at O, the lattice origin; another at 0., the ortho-
graphic projection of O on the n-layer; and the third apex at P, arandom
lattice point in this #-layer which reciprocally represents the set of crystal

P 0y P10 8

Fic. 1. (¢) Orthographic projection of a triclinic lattice upon the [hSZ] plane; thus
[6] is normal to the plane of the paper. The equator of the fundamental sphere appears as
the circle centered on Oy, which is the projected position of the lattice origin (=center of
sphere) upon the 3d level.

To add apparent depth to the lattice, the lines denoting the upper layers are successively
heavier. Removal of ali dashed lines and of line 4B would leave a gnomonogram, with £’
extending to right and R’ extending downwards.

(b) A cross section through line AB of (). Os is directly above O, the lattice origin, a
distance of 37, where # is the radius of the fundamental sphere. For this [b]-vertical
gnomonic lattice, Siso represents the central distance of the point, (130), generalized as P.

planes whose interplanar spacing is desired. The lengths of the two legs,
0,P and 00,, of the right triangle are easily determined since O.P is
located in the plane of the orthographic projection and therefore directly
measurable while 00, is equal to nr. The hypotenuse OP, which repre-
sents S, the central distance of point P, is then secured from the two
legs by Peacock’s (1938, pp. 97-98) clever graphic method.

The grid scales (Fig. 2) offer a further short cut. For this same point
P, located in the n-layer of the gnomonic lattice, it is only necessary to
measure the leg 0, P with a photographic positive of the n-level grid
scale; the resulting grid scale reading, Gu, is the value of the ratio Shrr/7.

PREPARATION OF GNOMONOGRAM FOR USE WITH GRID

The basic gnomonogram from which the gnomonic lattice is to be de-
veloped should be drawn with a fundamental sphere of a radius equal to

2 The distance of the point from the gnomonic lattice origin.
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unit distance on the O-level grid scale. The vertical distance between
layers of the gnomonic lattice, which always equals 7, thus becomes equal
to 1 unit on the 0-level grid scale, a condition necessary to permit use of
the grid scale. This is most easily done by calculating the gnomonic pro-
jection elements (Table 1) for unit radius and then setting off these dis-
tances in terms of O-level scale units of the positive copy (Fig. 2) being
used for the measurements.

That gnomonogram which has the direct axis of largest unit translation
normal to it will be found to yield the most accurate results; reasons for
this are discussed in a later section.

The development of a gnomonogram into an orthographic projec-
tion of a gnomonic lattice is readily apparent from Fig. 1a. A more
quickly prepared substitute (Fig. 3) of equal utility may be developed
merely by assuming the basic gnomonogram to represent different levels
(0,1,2 - - - u) of the gnomonic lattice and locating the orthographically
projected positions (0, Oy, Oy, - - - O,) of the lattice origin upon each of
these layers. These projected positions are quickly located. For example,
the origin of the O-level coincides with the projected and actual positions
of the gnomonic lattice origin; for the remaining levels, projected lattice
origin positions (Oy, Os, - - - 0,) are located along a line extending out-
ward from the origin of the basic gnomonogram at a ¢ angle equal but
opposite in sign to that of the pinacoid nearest horizontality; they are
periodically spaced outward along it, in order of their subscripts, at in-
tervals equal to tan p in 0-level units for this cited pinacoid.

Because of this convention of considering the gnomonogram to repre-
sent different layers, it is convenient to label its points with only partial
Miller indices, leaving a blank for the index referring to the crystal axis
normal to the gnomonogram.

PREPARATION OF GRID

Prepare a positive of Fig. 2 on heavy base film, preferably so it can be
used with the emulsion side down (to reduce parallax).? A thin coat of
shellac sprayed on the emulsion side will protect it from wear and mois-
ture. Carefully pierce the “minimum point” (encircled left end) of each
grid scale with a fine sharp-pointed needle; use a magnifying lens to
locate this hole exactly on the point.

MEASUREMENT OF Gir; WITH THE GRID SCALES

Gy values for all the points in a given layer, e.g., the n-level, can be
secured rapidly by transfixing the “minimum point” of the n-level grid

3 Copies from a glass plate negative of Fig. 1 are available from the author at the cost
of preparation and handling.
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scale (Fig. 2) to the O, point of the orthographically projected gnomonic
lattice and then slowly rotating this scale around O,. On a form similar
to that used in Table 2, record the Miller indices and the values of the
intercepts of the points on the n-scale during its rotation. The former are

TaBie 1
Elements to be calculated . . . ]
*neorderiioconsiucs Orientation of reciprocal axes in
Axis normal gnomonogram gnomonogram
to |
gnomonogram Coordinates
Symbol Karmuly Symbol
number Phi Rho
Standard Orientation
y* 3
po’ (19) a* +* 90°
c g0’ 9) b* 0° 90°
tan po @
Po (5)
First Permutation
o* 1
@’ an b* +a* 90°
7 7’ (18) c* 0° 90°
tan p; (12)
@1 13)
Second Permutation
g* )
po’ (26) a* 0° 90°
b 7o’ (27) c* +6* 90°
tan py (21)
[ (22)

* Refer to formulae in Fisher (1952) from which element may be calculated.

secured by inserting the value of % into the blank of the partial Miller
index. To measure Gur; values for points in the %-1 layer, transfix the
minimum point of the n-1 level scale to the O, point and repeat the
above procedure. Figure 3 shows the grid in a position to read Gy values
for the points in a gnomonic lattice normal to [3].
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REvLATIONSHIP BETWEEN Gy AND dipg

For the unit reciprocal lattice where the proportionality constant is
set equal to unity (Buerger, 1942, p. 117), the following relations hold:

don* = —> dioo* = i’ and dpo* = —-

o ao bo
For the various gnomonic lattices don® =7, d100® =7, or do1o® =7 depending
upon whether the ¢, g, or b axis is oriented normal to the basic gnomono-
gram. Thus for these three different orientations, the derived gnomonic
lattices represent vastly increased models of the unit reciprocal lattice
on a scale r¢o: 1, 7a0: 1, or 7bo: 1 respectively; or in general ruo: 1, where u
is the unit translation along the direct crystal axis normal to the gnomon-
ogram.

Thus to translate Siz, a central distance measured in the gnomonic
lattice, into oxs, the analogous distance in the unit reciprocal lattice, it is
necessary to divide the former by 7uo which is the magnification constant,
i.e., oner=Swi/rue. Therefore, since ouu;=Swri/7 and since by definition
dawy =1/ onkt, daryy =#0/Gara. A 20-inch slide rule is generally adequate for
this calculation. For the example of Fig. 3,

The magnification constant, ru,, of a gnomonic lattice is largest, and
therefore the accuracy in this graphical determination of dusyy values is
highest, when the gnomonic lattice is developed from a gnomonogram
which is normal to the direct crystal axis of largest unit translation. Thus
the basic gnomonogram for trimetric crystals with axes chosen as recom-
mended by Donnay (1943) should generally be one normal to [5]. The
ratios bo/ao and bo/ce indicate the ratio of size of a [b] vertical gnomonic
lattice to those lattices developed from [a] and [¢] vertical gnomonograms
respectively. They thus indicate the relative importance of a constant
plotting or measuring error in an [a] and a [¢] vertical gnomonic lattice
with respect to the same error in the [b] vertical one.

BRrAVAIS SPHERE

Most of the planes encountered in morphology are those of maximum
spacing and therefore with simple Miller indices. They are represented
in the reciprocal lattice by the points closest to the origin. To avoid
needless measurement of closely spaced planes it is well to decide upon
a minimum spacing, dmin, and upon a device to avoid measurement of
planes spaced less than this minimum value.

The grid is automatically such a device, supplanting the limiting circles
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Peacock constructed for this purpose. A minimum spacing limitation of
direct lattice planes is expressed in the reciprocal lattice by a limiting
maximum distance from the origin, beyond which no points will be
measured. Thus the choice of a value for dmin automatically circum-
scribes in the gnomonic lattice an origin-centered sphere (Bravais sphere
of Peacock, 1938, pp. 95-96) within which all points will have scale read-
ings less than Guax, Where Guax=1%0/dmin in grid units. Only the points in
the gnomonic lattice denoting planes having spacings greater than dmin
will have Gii < Gumax and therefore fall within the sphere.

ExAMPLE

Three differently oriented [a], [8], and [¢] normal gnomonograms were
constructed from Fisher’s (1952) data on chalcanthite. The one normal
to [8] is reproduced in Fig. 3 with the partial Miller indices indicated.
The minimum spacing decided upon was 2.41 A. Since the size of the
gnomonogram and therefore the gnomonic lattice varies with the orienta-
tion, the value of Gmax must similarly vary. For the gnomonic lattice
with [¢] normal,

104 A
e = 2 = 8182 _ 5 55,
@min 241 A
for the gnomonic lattice with [0] normal,
b 10.72
Gl ii=ra—— = e, 4.45;
dmin 2.41

and for the gnomonic lattice with [¢] normal

G = 2= g4

min 241
Thus, for Fig. 3 no points, excluding the example (240), were measured if
their G values exceeded 4.45; for the [¢] normal gnomonic lattice, no
points were measured if their Gy values exceeded 247, etc.

Table 2 presents the results of grid scale determinations on two differ-
ently oriented gnomonic lattices of chalcanthite. Results for the [a] nor-
mal gnomonic lattice were similar in accuracy to those for the [¢] normal
gnomonic lattice and therefore omitted. As was expected, results for the
[6} normal gnomonic lattice are more accurate in general. The column
entitled “dey.” refers to the interplanar spacings calculated from the
formula

o b J2a*2 4 E*? + 126%2 4 2 k1 b¥c* cos o* + 2 i ¢*a* cos §* + 2 it k a*b* cos v*
hkl

(Int. Tables, 1933, p. 69) using Fisher’s (1952) data.
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TaBLE 2
| c-axis normal I b-axis normal
gnomonic lattice gnomonic lattice

Miller S deate

5 3 (from

indices 3

Gz Co G b formula)
Ghr G

010 0.57 10.44 1.027 10.44 10.44
100 1.035 5.75 1.87 5.73 5.73
001 1.05 5.67 1.89 5.67 5.67
110 1.08 5.51 1.95 5.50 5.48
020 1.14 5122 2.055 5.22 5.22
011 1.15 5.18 2.08 5.15 5.14
011 1.235 4.82 2.205 4.86 4.84
101 1.26 4.72 2.26 4.75 4.74
111 1.25 1.76 2 270 4.72 4.72
110 1.27 4.69 2.30 4.66 4.67
120 1.38 4.31 2.503 4.28 4.28
i 1.49 4.00 2.675 4.01 4.00
021 . 1.48 4.02 2.69 3.99 3.98
121 1.49 4.00 2.70 3.97 3.96
021 1.61 3.69 2.88 3.2 3.7
101 1.67 3.56 3.00 3.57 3.56
120 1.67 3.56 3.025 3.54 3.54
030 1.71 3.48 3.08 3.48 3.48
111 1.73 3.44 3.10 3.46 3.45
111 1.79 3.33 3425 3.30 3.30
130 1.82 3.27 3.29 3.26 3.206
121 1.58 3.17 31,37 3.18 3.18
131 1.87 3.18 3.405 3.15 3.15
031 1.925 3.09 3.495 3.07 3.07
121 1.95 3.05 3.51 3.05 3.05
211 1.99 2.99 3.61 2.97 2.98
210 2.05 2.90 3.69 2.91 2.91
112 2.05 2.90 3.695 2.90 2.90
201 2.05 2.90 3.69 2.91 2.90
102 2.073 2.87 3.723 2.88 2.88
200 2.075 2.87 3.74 2.87 2.87
031 2.08 2.86 3.725 2.88 2.87
121 2.07 2.87 3.77 2.84 2.85
002 2.10 2.83 3.775 2.84 2.83
221 2.095 2.84 3.80 2.82 2.82
012 2.13 2.79 3.85 2.79 2.79
130 2.16 2.76 3.89 2.76 2.75
220 2.16 2.76 3.92 2.74 2.74
122 2.18 2.73 3.945 2.74 2.72
012 | 2122 2.68 3.98 2.69 2.69
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TaBLE 2—Continued

c-axis normal b-axis normal |
gnomonic lattice ‘ gnomonic lattice P
Miller — i - (f:)lr;
tdices G £o | G | by formula)
il Gt T Cenet
112 2.246 2.65 4.02 2.67 2.66
211 2.25 2.64 4.055 2.65 2.65
210 2.25 2.64 4.07 2.64 2.64
040 2.28 2.61 4.107 2.61 2.61
131 2.31 2.58 4.14 2.59 2.58
022 2.31 2.58 4.18 2.56 2.5
140 2.325 | 2.56 4.18 2.56 2.56
131 2.35 2.53 4.19 2.56 A/55
prt| 2.335 2555 4.24 253 2158
231 2.34 2.54 4.25 2:52 2.53
230 2.43 2.45 4.38 2.45 2.45
041 2.43 2.45 4.40 2.44 2.44
132 2.44 2.44 4.42 2.43 2.43
212 2.45 2.43 4.435 2.42 2.43
022 2.47 2.41 4.425 2.42 2.42
131 2.46 2.42 4.45 2.41 2.41

ASSIGNMENT OF MILLER INDICES TO POWDER Fiim LINES

Several powder films (114 mm. diameter camera) of chalcanthite were
measured and the d values of the more intense lines are given in Table 3.
Lines with d values of less than 2.41 A were not measured. The graphi-
cally determined d values of Table 2 were then used to determine, where
possible, the Miller indices of the plane (or planes) responsible for the
respective powder lines.

Comparison of Tables 2 and 3 indicates that one may often unequivo-
cally assign a set of Miller indices to the powder lines of greater d values
whereas this possibility lessens as the powder lines of smaller d values
are considered. However, extinction data may help eliminate some of the
ambiguity. The powder line of d=2.55 A, e.g., could be caused by any
one or combination of the planes (022), (140), (131), (141), and/or (231).
The spread of the several calculated or graphically measured d values
around 2.55 A is such that the disparity between any of them and the
2.55 A powder photo measured value could be caused by small inac-
curacies in the single crystal data, in the measurement of the powder
line, or in the graphical determination of the d value. This latter effect
may be eliminated by calculating the ambiguous d value from the stand-
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TasBLE 3
d measured from I/I1 by visual estima- Assignment of Miller indices to powder
powder films tion of intensities lines on basis of Table 2
10.45 A 23 010
5.70 .6 100 and/or 001
5.45 7 110
5115 4 011
4.70 1.0 111 (less likely 110)=
4.26 4 120
3.97 47 021 and/or 121
3.69 T 021
3,53 .35 120P and/or 101
3.45 .3 111=
3.29 4 111
3.24 .3 130
S 17 .2 121 and/or 131
3.04 4 121 and/or 031
2.89 .05 210, 112 and/or 201
2.86 .15 200; possibly (031, 102 and/or 121)
2.82 4 221 and/or 002
2.78 .15 012
2.74 4 220 and/or 130
2.72 .05 122
2.66 4 210 possibly (211 and/or 112) also 012
2.55 .15 Numerous possibilities
2.52 .05 Numerous possibilities
2.45 .3 Numerous possibilities
2.41 .6 Numerous possibilities

2 Crystal with [¢] parallel to the rotation axis was mounted in powder camera after
removal of powder rod so that, in effect, a ¢-axis rotation picture was superimposed upon
the powder film. No (%%0) spot was observed to fall on this line.

b Under same conditions as above, an (%%0) spot was observed to fall on or very near
a powder line.

ard interplanar spacing formulae. Extinction data, if available, may be
of considerable use in eliminating some of the ambiguities due to the
cited inaccuracies.
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