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Abstract

A theoretical study ofthe force field and the vibrational modes ofa and B quartz between

room temperature and 600'C has been carried out at various temperatures, using some recent

experimental results. It is shown that a modified Urey-Bradley force field can account for the

optical frequencies of a and B qtartz. The value of the internal rotation force constant is

negative dirring the a-B phase transition, and zero in the case ofB quartz. The vibrational
mode of the 207 cm-r A, mode, known to be a soft mode, becomes more in agreement with

displacements involved in the a-B phase transition as the transition temperature T is ap-
proached from below.

The infrared intensities were also calculated from atomic displacements, using the two-

charee model of Kleinman and Soitzer. The results confirm the calculated normal modes.

Introduction

The number of available infrared and Raman
spectra connected with the vibrational modes of the
two crystallographic polymorphs of quartz is very
large. A review of optical lattice vibrations in quartz
was published by Scott and Porto (1967). Several as-
signments of the E, and E, modes in B quartz by
them, however,  d i f fered f rom the assignments
proposed earlier by Saksena and Narain (1949).
Reliable assignments for these modes were proposed
by Yamaguchi, I ishi, and Umegaki (1971) on the
basis of theoretical calculations of frequencies of d
and p quartz. Their assignments have been proved
correct by Bates and Quist (1972) using polarized
Raman spectra of p quartz. Yamaguchi e/ a/'s assign-
ments will thus be accepted in the present work.

Quartz undergoes a transition at 573'C from the
low-temperature a phase with symmetry D3 to the
high-temper4ture 0 phase with symmetry D.. This
transition has been studied by several investigators in
terms of lattice dynamics. The analysis of Kleinman
and Spitzer (1962) and of Elcombe (1967) are similar,
and each elaborates on the basic conclusion of
Saksena's (1940 and 1949) early force constant
calculation: that the frequency of the 207 cm-1 mode
should approach zero as the transition temperature 7

is approached from below. Kleinman and Spitzer
(1962) found that the atomic displacements at the
transition correspond closely to the 207 cm-r mode.

Narayanaswamy (1948) observed the temperature-
dependent Raman spectrum of quartz and found that
the 207 cm-1 line does indeed show strong variation
with temperature, moving toward the Rayleigh line
as the transition temperature is approached, and dis-
appearing completely in the 0 phase. From a study of
the Raman spectra of quartz at temperatures between
-196 and 615oC, however,  Shapiro,  O'Shea,  and
Cummins (1967) proposed that the 147 cm-' mode,
rather than the 207 cm-L mode, appeared to play a
fundamental role in the phase transition. From work
on the Raman spectrum of quartz at 6oK to 900oK,
Scott (1968) and Hiichli and Scott (1971) presented
evidence that the frequency of the 207 cm-' mode ap-
proaches zero as the transition temperature is ap-
proached from below. On the basis of the relative
atomic displacements of the 207 cm-L mode as-
sociated with crit ical neutron scattering, Axe and
Shirane ( 1970) obtained a remarkable similarity
between this mode and the displacements involved in
the a-B phase transition. Thus they have concluded
that the room temperature renormalized soft mode is
not at 147 cm-' as proposed by Shapiro et al (1967)

but is rather at 207 cm-[. It has, therefore, been
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TlsI-e l. Decomposition of the Normal
Symmetry Species

Crystal
Spat ia l
synnetry opt ic  v ibrat ion

o quartz

B quartz

4at+44r+8x

Ar+38f242+282+4Ef4E2

generally accepted that the 207 cm-'mode is in fact
the lattice vibration fundamentally associated with
the a-B phase transition, i.e., 207 cm-' mode in
qvaftz is a soft mode.

This paper examines the effects of force constants
and change of vibrational mode and frequencies of
the soft A | 207 cm- 1 mode during the a-p phase tran-
sition through a theoretical calculation of the lattice
dynamics of quartz. To check the correctness of the
determined normal modes. the infrared intensities
were also calculated.

Selection Rules and Coordinates

The primitive cells of the a and p polymorphs of
SiOz contain three silicon atoms and six oxygen
atoms. The symmetry species of the Dr factor group

TesI-e 2. Experimental Frequencies Used for the Calculation of

the Urey-Bradley Force Field
(Frequencies in cm-L)

B quartz
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Mode of Quartz into TesLr 3. Force Constants* of Quartz at Various Temperatures

0, quartz

s  7o 'c
B quartz

6oo"c

d quarEz

r ;metrv 25'c*  532'c1* 552oc*"*  s}metrv 700'c**

.er 1085 (tOlZ)I 81 inactive

2s "c  520 "c

4.  504

0 .  1 5 4

0 .  1 9 6

0 .  0 0 0

0 . 4 8 5

0  . 0 0 0

0 . 2 6 8

0  . 4 9 7

*units: sxretching K, bending H, repuTsion F ed

bond interaction p ndgne/A; inttarcLecufar
tensiot K i ld intetnal totatid y ndgne'4.

of a quartz and the symmetry species of the D. factor
group of p quartz are given in Table l.

The 48 internal coordinates used in this work in-
clude 12 Si-O stretching coordinates (AR), 18
O-Si-O bending coordinates (Ao),  6 Si-O-Si
bending coordinates (AB), and l2 Si-O internal rota-
tion coordinates (A Y). The number of coordinates in
each set was constrained by symmetry considera-
tions. As shown by Shiro (1968), Yamaguchi et al
(197 l), and Etchepare, Merian, and Smetankine
(1974), one must consider internal rotation coor-
dinates in order to obtain an agreement with the
vibrational spectra of a and B quartz.

The coordinate parameters of d. quatLz at room
temperature have been accurately determined by
Smith and Alexander (1963).  The coordinate
parameters of a and B quarlz have been accurately
determined as a function of temperature at
temperature from 450oC to 650'C by Young (1962).
These data have been used in the potential energy and
the kinetic energy matrices.

Force Field and Vibrational Frequencies

The temperature dependences of the A, and E
vibration modes in quartz were measured over the
temperature range from room temperature to a few
degrees above the a-p phase transition temperature
by Gervais (to be published). The Raman spectrum
of a single crystal of quartz was measured over the
temperature range from a few degrees below the a-B
phase transition temperature to 700"C by Bates and

Quist (1972). The experimental frequencies on which
our calculations are based are listed in Table 2'

In order to determine a suitable force field for a
and B quarlz. the normal frequencies were calculated
by use of a modified Urey-Bradley force field. The
general method for the treatment of the normal

u 3

u 6

r (  (S i -0 )
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F 2  ( S i . . .  . S i )

K

p

4 . s 8 4  4 . 5 0 4

0 . 1 5 4  0 . 1 5 4

0 . 1 9 6  0 . 1 9 6

0 .  0 0 0  0 . 0 0 0

0 .  485  0 .  485
- 0.  004 -0 .  004

o . 2 6 8  0 . 2 6 8

0 . 4 t 7  0 . 4 9 7

4 . 5 0 4

0 .  1 5 4

0 .  1 9 6

0 .  0 0 0

0 . 4 8 5

- 0 . 0 0 4

0 . 2 6 8

o . 4 9 7

2 0 7

4 2  1 0 8 0

7 7 8

495

364

E T162

ro72
79s
69'7

450

394

265

128

++ ++
80 

'  
70"

1064

7 7 7

457

358 385

r t67  1155

1066 1060

798 782

690 680

440 430

397 400

256

1 1 0

464 460

3s6 ( sso) t
Ar  464

Bl  inac t ive

Bt  inac t ive

A z  1 0 6 1 * x *

82 inac t ive

A z

Bz inac t ive

Ez I I73

E r  1 0 6 5

Er  786

E z  6 8 6

E 1  4 2 7

Ez 4O7

E 2  2 4 3

E r  9 8

t
TT

Scoxt and Porto(1967)

Bates i ld Quist(1972)
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These values wete esxireted f tom Fig. 7.  of
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The vaTue of soft mode Ar was estiMted a.bout
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TnsLr 4. Observed and Calculated Frequencies of Quartz at Various Temperatures
(Frequencies in cm')

909

0, quartz $ quartz

Symmetry

z > L

E x p t  1 .  C a 1 c .

5 2 0 ' C

C a 1 c .
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The values in parenthesis are obtained bg presuming xhe same force constmt vafues with those of o. quartz.

vibrations of crystals was reported by Shimanouchi,
Tsuboi, and Miyazawa (1961). The supplementary
terms of the force field are the internal rotation
potential I/ and the bond interaction potential for the
pairs of the adjacent Si-O bonds p. We assume in the
potential energy matrix that (1) the same stretching
force constants and interactions pertain for the
various Si-O lengths, and that (2) the same bending
force constants pertain for all the O-Si-O and
Si-O-Si angles.

Table 3 gives the values of force constants deter-
mined by the least squares method; it appears that 7
parameters are enough to fit the 24 experimental fre-
quencies. Table 4 gives the calculated frequencies for
ot quartz at 25, 520, and 570'C and 0 quaftz at
600oC. The fit between experimental frequencies and
calculated values is satisfactory. Etchepare et al
(1974) obtained similar results for a and B quartz on
the basis of the general valence force field. But the
physical meaning of their negative values of force
constants and interaction terms is unclear. The
repulsive force constants resulting from ionic
bonding character in crystals seem to be necessary for
crystals such as quaftz in which the bonds have some
ionic character. A simple valence force field which
contains no terms responsible for ionic character
seems to be unsuitable as a force field for qvaftz.

To examine the influence of potential energy as-
sociated with softness of the soft mode, the frequen-
cies calculated under the assumption of the same
force field for a and B quaftz are also listed in Table
4. Jacobian values of the 207 cm-l soft mode ob-
tained for a quartz at 25, 520, and 570'C and P
qvartz at 600'C are listed in Table 5. It is noteworthy
that the Jacobian values of the207 cm-1 mode related
to the internal rotation potential increase with in-
creasing temperature, in contrast to the decreasing of
those frequencies related to the bending potential and
repulsion potential.

As reported by Scott (1968), Hbchli and Scott
(1971), and Bates and Quist (1972), the frequency of

Tesr-e 5. Jacobian Matrix of Soft Mode 207 cm I in Quartz
at Various Temperatures
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0  . 6 5 8 7 4 8

- 0 . 0 0 2 4 5 5

0 . 0 0 r 3 4 9

0 .00001 I

0 . 0 0 0 0 1 7

0 .000028

0.000372

0 .000039

o .782839

0 .000020

0 . 0 0 0 0 0 0
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25"C 5200c 5700c 6000c

Cartesian displacements for the soft mode ,4, 207 cm ' modes of qua rtz at 25, 52O, 570, and 600'C. Small black circles and large

open circles indicate silicon atoms and oxygen atoms, respectively.

the 207 cm- I soft mode approaches zero as the transi-
tion temperature is approached from below. The
observed values of this mode listed in Table 2 were es-
timated from Figure I of Hbchli and Scott's paper.
To confirm the gradual shift of this mode to lower
frequencies with increasing temperature (up to the
transition temperature), the internal rotation poten-
tial )/ should be negative, as shown in Table 3. The
internal rotation potential should be zero in B quartz,
otherwise the soft mode 207 cm- I does not approach
zero at transition point. If the same force field is as-
sumed for a and B quartz, the calculated frequencies
for the soft mode with increasing temperature are
larger than the observed frequencies, particularly in B
quartz.

Vibrational Modes and Intensities

The normal modes have been represented by the
Cartesian displacements nft of the atoms a for each
vibrational frequency k. They were normalized in
order to satisfy the condition

E  m"n in i  :  f f i n \n t '  ( 1 )

where mo is the mass of an a atom and me is an ar
bitrary positive constant, considered as the mass of

the mode k. Most of the modes, except the 207 cm-1
mode, are little modified by the a-p structural change
as reported by Etchepare et al (1974). Figure I shows
the 207 cm-1 vibrat ional mode at var ious
temperatures. The atomic displacement of this mode
at 25"C is in agreement with that of Etchepare et al's
Figure 2 (1974). As is clear from Figure l, the vibra-
tions of the 207 cm-' mode which rotate around the
screw C, become more in agreement with displace-
ments involved in the a-B phase transitions, as the
transition temperature 7 is approached from below.
To make clearer the temperature-dependence of the
soft 207 cm-' mode, the eigenvectors for this mode
obtained from a lattice dynamical calculation at
various temperatures were compared with spon-
taneous displacements associated with c-p phase
transition. Table 6 shows the normal modes of soft
207 cm-'mode in Cartesian form. From these nor-
mal modes, the symmetry mode vectors were
calculated with reference to Axe and Shirane's Figure
6 and Table I (1970), The results are listed in Table 7
together with the displacements in the 4:B phase
transition. This result demonstrates a remarkable
temperature dependence of this soft mode and a
remarkable similarity between this soft mode and the
displacements involved in the a-0 phase transition'
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Terirs 6 Normal Mode of 20'l cm ' Soft Mode in Cartesian
Form*

q, quartz B quartz

6  00 ' cAton 2 5 ' C 5 2 0 " C 5  70 "C

As mentioned by Etchepare et al (1974) and
Mirgorodskli andLazarev (1973), a calculation of the
intensities in the infrared spectrum of a crystal, using
the two-charge model of Kleinman and Spitzer
(1962), is useful as a means of checking the cor-
rectness of the results of the calculated normal
modes. When the normal modes fr are known, the
intensities are given by

s,,""" : <E n"ri;f| t"oi ',, (z)

where the tensor Bo, the effective charge for atom a, is
determined using the scheme of Kleinman and
Spitzer (1962). The covalent and ionic properties of
quartz may be expected to give rise to two distinct
kinds of effective charges, which are conveniently
designated ionic and valent charges. According to
Kleinman and Spitzer, the tensor for the ionic
charges is

BA?"t" = eq I and 83"i" : -[e q I, (3)

where e is the electronic charge and 1an unit matrix;
and that for the valent charse is

and
B"sa.'ent : -rQ 

E, pp

( a )

86" " " ' : eeEpp ,

s i ( L )

s i  ( 2 )

s i  ( 3 )

o ( 1 )

0  ( 2 )

0 ( 3 )

0  ( 4 )

0 (s)

0  t 6 )

- 0 .  r 8 7
0  . 3 2 s
0 .

0  . 3 7 5
0 .
0 .

- 0 .  1 8 7
- 0 . 3 2 5
0 .

0 . 5 0 0
0 . 5 4 3
0 . 6 1 1

0 . 5 0 0
- 0 . 5 4 3
- 0 . 6 1 1

- 0  . 7  2 0
0  . 1 6 2
0 . 6 1 1

o . 2 2 0
0 . 7 0 4

- 0 . 6 1 1

o . 2 2 0
- 0 . 7 0 4
0 . 6 1 1

- 0 . 7 2 0
-0  . 762
- 0 . 6 1 1

- 0 .  1 8 4
0 . 3 1 9
0 .

0 .  3 6 8
0 .
0 .

- 0 . 1 8 4
- 0 . 3 1 9
0 .

0 . 3 6 6
0  . 6 3 4
0  . 6 2 2

0 . 3 6 6
- 0 . 6 3 4
- 0 . 6 2 2

- o . 7 3 2
0 .
0 . 6 2 2

0 . 3 6 6
0 . 6 3 4

- 0 . 6 2 2

o  . 3 6 6
- o  . 6 3 4
0 . 6 2 2

- 0 . 7 3 2
0 .

- 0 . 6 2 2

a

T

a

a
z

a

t

a
z

a

r
a
z

a

r
a

- 0 . 2 6 3  - 0 . 2 0 s
0 . 4 5 6  0 . 3 5 1
0 .  0 .

0 . 5 2 7  0 . 4 0 6
0 .  0 .
0 .  0 .

- 0 . 2 6 3  - 0 . 2 0 3
- 0 . 4 5 6  - 0 . 3 5 1
0 .  0 .

0 . 6 0 3  0 . 5 4 1
0 . 4 6 7  0 . 5  I  3
0 . 4 6 5  0 .  s 8 4

0 . 6 0 3  0 . 5 4 1
- 0 . 4 6 7  - 0 . 5 1 3
- 0 . 4 6 5  - 0 .  s 8 4
- 0 . 7 0 6  - 0 .  7 1 5
0 . 2 8 9  0 . 2 t 2
0 . 4 6 5  0 . 5 8 4

0 .  1 0 3  0 . I 7 4
0 . 7 5 6  0 . 7 2 5

- 0 . 4 6 5  - 0 . 5 8 4

0 . 1 0 3  0 . t 7 4
- 0 . 7 5 6  - 0 . 7 2 5
0 . 4 6 5  0 . s 8 4

- 0 . 7 0 6  - 0 .  7 1 5
- 0 . 2 8 9  - 0 . 2 r 2
- 0 . 4 6 5  - 0 . 5 8 4 (4)

* The normalization was chosen to make the mass of Equation (l )
equal to 100 atomic weight units

TleI-e 7. Symmetry Mode Vectors and Displacements in the a-B phase Transition*

Posi t ion in General

B  phase d isp  Lacement

( 0 ,  ̂ 9 r ,  o )

(s r ,  o ,  o )

( -5 r ,  - ,5 r ,  o )

(Sz+S+,  Sz-S+ '  -Sa)

( 2 5 a ,  - 5 2 + S a ,  S s )

( -Sz+S, r '  254 '  -53)

(52-Sq,  Sz+5, . ,  5s )

( - 2 5 4 ,  - 5 2 - 5 4 ,  - 5 3 ' )

( - sz - s+ ,  - 2sa ,  ss )

Inelast ic  neutron
- ^ ^ + + ^ - : - ^
J L 4 L L E r r r r B

(Axe and Shirane)

0 . 5 4 ( r 0 . 1 7 )

-0  .  80  ( r 0  . 0s  )

0  . 2 8  ( r 0 . 0 6 )

Spon taneous
di sp I acemen ts

associated wi th B+ci

0 . 4 9 0 ( r 0 . 0 1 9 )

- 0 . 8 0 2  ( t 0 . 0 3 7 )

0 . 0 1 3 ( 1 0 . 0 s 2 )

s i  ( 1 )

s i  ( 2 )

s i  (3 )

0  ( 1 )

o ( 2 )

0 ( 3 )

0  (4 )

0  ( s )

0  (6 )

(0,  +, 0)
c-j-, o, rr)

\T' Z' -Z)

(-r, r, r. )

(-2r, -r, t)
(-r, -zn, -t)

@, -,, *)
(2r, r, -t)
(x, 2*, -f)

600 ' c

0  . 5 0

- 0 . 8 5

0  . 0 0

Synnetry coordinates of  207 cm-r mode

D t / D 2

D 3 / 4 2

a 4 / 4 2

Model calculation deduced fron
a Ia t t i ce  dynan ica l  ca lcu la t ion

(present  work)

2 s " c  5 2 0 " c  5 7 0 . c

0  . 7 s  0  . s 7  0  . 5 3
- 0 . 6 6  - 0  . 8 2  - 0 . 8 7

0 . 2 4  0 . 7 7  0 .  l 3

a Expressed in hexagonal coordinates with x : 0.2068
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Tner-B 8. Comparison of Observed and Calculated Infrared Inten-
sities for the Az and E Frequencies

Etcl\epate et qL'
resu l ts

q = t . J ,  t 4 = z .  t r
-  Present work

symetry Frequency 
";"ntt  

q=2.7o, Q=2.88

YAMAGUCHI

and t-type modes. The agreement between the

calculated and observed intensities shows the cor-

rectness of the normal modes determined in this

work.
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where the sum has to be made over all the unit
neighbor vectors of atoms.

The experimental values S;'o of Spitzer and
Kleinman (1961) and the calculated values ,S3'r" of
ours and of Etchepare et al (1974) are listed in Table
8. Both calculated results account for the intensities
of infrared absorption, as well for the E-type modes
as for the lr-modes. This result shows that the nor-
mal modes calculated on the basis of modified Urey-
Bradley force freld are correct as well as those modes
calculated on the basis of the valence force field.

Conclusions

The Urey-Bradley force field modified by the terms
of the bond interaction potential p and the internal
rotation potential Y accounts for the observed in-
frared and Raman active frequencies of d. and 0
quartz to a good approximation. The internal rota-
tion potential Y is the most important force constant
for the 207 cm-'soft mode. The value of this force
constant is negative during the a-0 phase transition,
suggesting that the displacement parameter in quartz
consists of the internal rotation and that this dis-
placement occurs easily during the a-B phase transi-
tion, and never occurs in the case of B quartz.

The vibrationaf mode at 207 cm-r rotates around
the screw Cr. This vibrational mode becomes more in
agreement with displacements during the a-B transi-
tion when the transition temperature 7is approached
from below.

The two-charge model of Kleinman and Spitzer
was used to derive the infrared intensities fot the Az-
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