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Abstract

Molecular orbital results, obtained using an approximate self-consistent-field method, are
presented for two systems, one consisting of two silicate tetrahedra sharing a common edge
and saturated with hydrogens at their periphery (sirosH4), and the other, consist ing of a
silicate tetrahedron sharing an edge with a Mg-containing octahedron and saturated with
hydrogens (SiMgOrHr). For both systems the O6.-Si-O6" angle opposite the shared edge has
been varied while all distances and angles not involved in the shared edge have been held fixed.
For SirOuHr, an energy minimum is found at an O6"-Si-O6, angle of about 85"; this is
significantly less than the undistorted value of 109.5' but in fairly good agreement with the
observed Ob.-Si-Ob" angle (93') in silica-W and SirOz. The energy stabilization at this min-
imum is about 100 kcal,/SirOuHo unit.  For SiMgO.H,o, the minimum energy obtains when
(Ob"-Si-Ob") - 103', in good agreement with the observed data for forsterite. For the Si-Mg
cluster, the energy stabi l izat ion at the minimum is only 4 kcal lSiMgOrH,o unit.  An important
determinant of total energy is found to be the covalent overlap repulsion between the metal
atoms, manifested in large negative bond overlap populations. Decreases in M-O bond
overlap populations and charge redistribution from M to the exterior of the bridging oxygen
atoms also contribute significantly to total energy changes.

Introduction
Pauling (1929) stated that "The presence of shared

edges and par t icu lar ly  of  shared faces,  in  a
coordinated structure decreases its stabil ity; this ef-
fect is large for cations with large valence and small
coordination number, and is especially large in case
the radius ratio approaches the lower l imit of stabil-
ity of the polyhedron." This principle, generally
known as Pauling's Third Rule, was rationalized
from the ionic model and has since been used to
exp la in  a  l a rge  number  o f  c r ys ta l  chemica l
observations. The rule has since been amended by
Baur (1972) who stated "Ionic structures with shared
polyhedral edges and faces can only be stable if their
geometry allows the shortening of the shared poly-
hedral edges. When adjustment stresses force a
shared edge to be long, this is a particularly
destabil izing feature of the crystal structure." Baur
has interpreted the relative stabil ity of the olivine and
spinel polymorphs of (Mg,Fe)rSiOn in l ight of this
principle. A similar analysis was earlier given by
Kamb (1968). Although the olivine polymorph of

(Mg,Fe)rSiOu contains more shared edges than does
the spinel polymorph, the olivine form is more stable
because its structure allows for natural reduction of
the shared O-O edges and an increase in M-M dis-
tance, due to the presence of vacant tetrahedral sites.
In spinel, such accommodation of bond lengths and
angles is apparently not possible. Baur's approach
generally emphasizes the importance of distortion
stresses produced by the accommodation of poly-
hedral dimensions, somewhat reducing the impor-
tance of specific M-M repulsions. Fleet (1974) has
attempted to correlate the relative degree of shared
edge distortion resulting from various M-M' pair
repulsions across shared edges with Qffi/R(M-M'),
where p"'s is the effective charge of the metal ion.
Covalency was thus considered in reducing metal
charges from their formal values but other possible
covalent effects on equil ibrium O-O edge distances
and M-O-M' angles were ignored. However, the an-
gular distortions presented by Fleet show only a weak
dependence on Q"6/R(M-M') and several anomalies
are observed. More recently, Fleet (1975) has found
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an improved correlation between (O5.-Si-O6.) and
Q/R(M-S|), where Q is the formal charge on ion
Ma+.Fleet suggested several possible explanations for
this correlation. Since the formal charge on an ion
equals the number of valence electrons in the neutral
atom or the number of bonding electron pairs in the
M-O cluster (for closed shell compounds), we sug-
gest afternatively that the M-M repulsion may be a
result of covalent repulsions between the bonding
electron pairs in the M-O polyhedra. Such repulsion
arises from the operation of the Pauli exclusion prin-
ciple and might reasonably be directly proportional
to the number of bonding electron pairs and inversely
proportional to the M-M disLance. The equality be-
tween formal charge and number of atomic valence
electrons, discussed earlier by Pauling (1960), clearly
makes any explanation of this experimental correla-
t ion rather  ambiguous.  In  addi t ion i t  is  wel l -known
that a perfect correlation between two experimental
variables, in and of itself, cannot establish a cause
and effect relationship between them. To establish
qualitative cause and effect relationships we feel that
quantum mechanical calculations are very useful. We
agree however that observed correlations wil l often
be superior for predictive purposes since the quantum
mechanical methods and models presently applicable
to large systems are quite approximate. We have
found that covalent forces are an important factor in
the success of the Third Rule and wil l demonstrate
such here using simple approximate Scr (self-con-
sistent f ield) MO calculations. Such methods have
been previously employed by deJong and Brown
(1974) in a study of the relative stabil it ies of corner-,
edge-, and face-shared AlOu double octahedral clus-
ters.

Molecular orbital methods

The calculations were performed using the Scn-
NEnao method, previously described (Tossell, 1973)
and the CNno/2 method (Pople and Beveridge,
1970). The CNno/2 calculations employed program
l4l from the Quantum Chemistry Program Ex-
change, modified to exclude d orbitals on third row
atoms. The Scp-NEno method has recently been mod-
if ied to include a uniform sphere of positive charge
which surrounds the anion cluster and stabil izes it, so
as to give negative values for the energies of all occu-
pied orbitals (Watson, 1958). A scheme has also been
added to do a "mixed" MO-ionic calculation by sep-
arating the cluster into a "covalent" part which is
treated by the MO scheme and an "ionic" part, con-
sisting merely of point charges at f ixed positions. The
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Coulombic potential exerted by the point charge ar-
ray is calculated at the position of each atom in the
"covalent" part of the cluster. This potential is then
added to the diagonal elements of the Fock and nu-
clear-attraction matrices for all the orbitals on the
given atom. After self-consistency has been achieved,
the Coulombic repulsion between the nuclei of the
"covalent" segment and the point charge array is
added to the total energy. The perturbation of a
central "covalent" cluster by a point charge array can
then be studied for those systems which are too large
for a complete MO calculation. This approach also
allows the separation of point charge effects and cov-
alency effects, but must be used with caution.
Changes have also been made in the K;y parameters
used to generate the off-diagonal Hamiltonian matrix
elements. New K;; values have been obtained from
the Fock, kinetic, and overlap matrices generated in
the ab init io SCF calculation of Coll ins, Cruickshank,
and Breeze (1972), uti l izing only an s,p only basis set
on Si, i.e., Si d orbitals are excluded in agreement with
the conclus ions of  Tossel l  (1975).

Systems studied

The major systems studied were SirO.Hn, two edge-
sharing sil icate tetrahedra with saturating peripheral
hydrogens, and SiMgOrH,o, a sil icate tetrahedron
edge linked to a Mg-containing octahedron, with sat-
urating hydrogens (one on each nonbridging O
bound to Si and two on each nonbridging O bound to
Mg). Several other ancil lary calculations, e.g. on
SirOS-, SiMgOio and MgrOlS- were also completed.
For the two major calculation sets, wave functions
and total energies were obtained for a number of
Ob,-Si-Ob. angles holding R(Si-O), R(Mg-O), and
R(O-H) constant  at  1.61,  2.12,  and 0.96 A,  respec-
tively. For SiMgOrH,o the mean angle (O6.-Mg-Oo")
was therefore entirely determined by the mean angle
(Ob,-Si-Ob,). AII O"b.-Si-O.6" angles were maintained
at 109.5'. Each calculation is t ime-consuming because
of the large number of orbitals involved and the need
for iteration to self-consistency. Therefore only a
small number of On.-Si-O5, angles are considered,
and the angles corresponding to minimum energies
are estimated using a parabolic f it. Curves of total
energy us. (O5,-Si-Op,) are given in Figures la and 4
for SirO.Ho and SiMgOrHro, respectively.

Scr-nruo computational results: SirO6H4

Edge-sharing silicate tetrahedra have never been
observed in minerals. This fact may be understood
qualitatively in terms of the Third Rule; edge-sharing
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tetrahedra result in very short M-M dislances.
Therefore the minimum energy for this unstable
cluster should occur for an (Obr-Si-O5.) much re-
duced from the 109.5' tetrahedral angle and the
energetic effects should be large and easy to study.
In agreement with the qualitative theory, the min-
imum energy angle calculated using the Scp-Nnuo
method is indeed very small, about 85o, (with
R(Si-Si )  :  2 .37 A and R(Ob,-Ob.)  :  2 .18 A)  as
shown in Figure l, in which energies are given in
Hartree units (l Hartree : 627 kcallmole). This
minimum energy conformation is in fairly good
agreement with the Ob.-Si-Ob, angle (-93, a : 1.5')
observed (l) for the low'density fibrous polymorph
sil ica-W which contains molecules of edge-sharing
silicate tetrahedra running parallel to the fiber axis
(Weiss and Weiss, 1954), and (2) for the high tem-
perature molecule SirO, which contains two Si atoms
situated across a shared edge in a rhomboidal com-
plex (Anderson, Ogden, and Kicks, 1968).

The total energy of a system is a complicated quan-
tity given by the equation:

E : r/2 1 nnro + r/2 1 n,Qo * V) * A+3

l lo too 90 80 70
/oor- s i-  oo.

( b )

dependence as does the total energy. In fact, it is not
logically correct to ascribe an observed variation in
total energy to any single quantity. However, we
could operationally predict trends in the total
energy if we could find a quantity giving the same
minimum energy angle and about the same mag-
nitude of energy us. angle dependence. Within the
ionic model, variations in total energy are determined

by variations in the Coulombic.n"rgyD f%u"a
by variations in Born repulsion between the closed-
shell ions. In the MO scheme variations in total
energy can be separated into terms corresponding
to: (1) a charge redistribution energy, resulting from
redistribution of electrons between atomic orbitals
with different electronegativit ies; (2) a Coulombic
energy, arising from point-charge effects; and (3) an
overlap energy, proportional to overlap populations
or interatomic bond orders, and generally separable
into bonding, nonbonding, and antibonding com-
ponents. Gordon (1969) has carried out such an
analysis rigorously for the CNno method. A similar
analysis is also qualitatively valid for the Scr Nruo
method although less straightforward because of the
different approximations used.

where the ni are MO occupation numbers, e i, Ti, and, The Coulombic energies as a function of bridging
V, are the eigenvalue, kinetic energy, and electron- angle have been calculated for SirOuHo, using both
nuclear attraction energy for the i'h MO and Zl is the Mulliken atomic charges from the Scp-NEtvIo calcula-
nuclear charge of atom A. ln Figure lb trends in ., t ions and formal ionic charges, and are shown in
these separate energy terms are also shown. Clearly Figure 2. To obtain the ionic model total energy we
none of the separate terms has the same angular must add to this quantity the Born repulsion be-
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tween the bridging oxygens. Repulsion constants
between ions of like charge are difficult to evaluate
from experimental data. The most systematic calcu-
lations including such repulsion terms were per-
formed by Huggins and Sakamoto (1975). The
repulsion energy between like charge ions is, in their
terminology, equal to

. M 'bc--; exq la(2rn - krrif

where b : l0-12 erglmolecule and c- - : 0.5. For the
bridging oxygens in SirO.Hr, M' = 2 and krre is
the On.-Ou, distance and a and 162- ate repulsion pa-
rameters and "constant energy" radii to be deter-
mined from experiment. Huggins and Sakamoto
give alternative sets of a and re2- values, giving
similar degrees of agreement with experiment. We
choose their parameter set a : 3.0 A and ro"- =
1.35 A which gives a maximum Oo"-Oo" repulsion
energy. With this parameter choice, the Or,-Our re-
pulsions are 0.014, .024, .040, .0'76, .147, and .303

Hartree uni ts  at  On"-Si -Ou.  angles of  109.5" ,
99.5o, 90o, 80o, 70o, and 60o, respectively (the alter-
native parameter choice gives repulsion energies
smaller by a factor of 2-3). This results in a minimum
at 78" if the Coulombic energy is evaluated using
formal charges but no minimum within the 70-109.5'
range if Scp-Nenao charges are used. However much
evidence, both spectral (Tossell, 1975) and X-ray
(Cooper et al., 1973), suggests that sil icates are not
completely ionic and that formal ionic charges are
never achieved. Therefore the ionic model results us-
ing formal charges are of dubious significance.

A simple MO-model term related to the Born re-
pulsion between the bridging oxygens is the overlap
population, n(O5.-O5.), which rapidly increases in

magnitude at small angle. The energy contribution
of this term can be estimated by multiplying the over-
lap population by the average Hamiltonian matrix
element of the overlapping orbitals. For a (O5,-Si-
Ou.) of 70o, this term is only about 0.01 Hartrees,
much less than the calculated Born repulsion. This
suggests that the parameter set chosen exaggerates
the Born repulsion. The Si-Si repulsion calculated
from n(Si-Si) and the Hamiltonian matrix elements
is 0.46 Hartrees at 109.5o and is reduced to about
0.05 Hartrees at 70o; this term thus further sta-
bil izes the cluster at small angle. The additional de-
stabil ization needed at small angle to balance the
changes in Scp-Nsl,to point charge energy and Si-Si
overlap repulsion energy arises both from the transfer
of charge from Si to Ou, and from the reduction in
r(Si-O). A reduction in angle forces electron density

away from Si and the Ou,-Ou. overlap region and
into nonbonding Op, orbitals, thus both reducing
overlap populations between Si and bridging and
nonbridging oxygens and also transferring charge
from the more stable Si3s orbital to the less stable
O2p. These effects are clearly shown by the charge
distribution data given in Table 1.

The results for the neutral cluster SirOuHa may
be compared to those for the anion SizOS-, with a
stabil izing Watson sphere of charge 4.0 and radius
1.86 A (chosen to give an eigenvalue of -7 ev for the
highest energy occupied orbital). The curve of total
energy us. (O-Si-O) (Fig. 3) is quite similar to that for
SirO.Ho but the minimum occurs at a slightly greater
angle. Examination of the relative energy trends
shows a continuous destabil ization of the anion with
respect to the neutral cluster at small angle. This
effect arises from the increased electron repulsion
attendant upon contraction of the anion, but no
simple way of correcting for it has been found. At-
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Tesle l. Energy and Charge Distribution as a Function of (Ou.-Si-Or") in Si:OoH.
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tempts at contracting the Watson sphere so as to
maintain constant the energies of either the highest
occupied MO or the Si or oe51 core orbitals failed to
improve the variation of total energy.

In the Sirot case, this extraneous electron-
repulsion effect is small, since the total charge is
small. However for the highly charged cluster

MgrOl3- the extraneous electron-repulsion effect
leads to a continuous decrease in energy as the
bridging angle is decreased. In this case the electron-
repulsion energy is apparently lowered by reducing
(O5.-Mg-O6"), thus increasing the separation of the
many nonbridging oxygens. Therefore, unless some
correction procedure can be found, angular varia-
tions for highly charged anions must give erroneous
total enelgies. Note that the total energies wil l
be the only quantities greatly different between the

anion and neutral cluster calculations. For SizO.Ho
and SirOS- trends in Mull iken charges and overlap
populations were in the same direction, although
slightly larger for the anion. Therefore anion calcula-
tions wil l probably give good trends as a function of
angle for everything but the most important quantity,

the total energy. This is certainly unfortunate since

the H-saturated clusters contain more atoms and
orbitals, thus requiring more computer time and
larger programs. Mg2OroHr. is outside our present

computing capabil it ies but calculations for edge-
sharing between a silicate tetrahedron and a mag-

nesium octahedron as the neutral cluster, SiMgOrH'0,
are just barely possible and wil l be described below.

To isolate Coulombic and covalency effects exist-
ing between the tetrahedral units in the SirOS-
system, we have also performed a "mixed" SirOS-
calculation with a SiOX- unit treated by the MO
scheme and the other three atoms represented by
their scr-NnMo point charges alone. This calculation
should show approximately the same point-charge
effects as the full SirO!- MO calculation but will
show no covalent antibonding effects between the
two Si atoms or between Or, and the second Si.

The total energy us. angle curve of Figure 3 shows
that in this case the optimum (Ob'-Si-Ob') is much
larger, around 105'. This suggests that a major part
of the angular distortion in SLO6- arises from
covalent antibonding forces between the Si atoms.
This interpretation is supported by the similarity of
trends in calculated charges and bond overlap popu-
lations for the full SLO|- MO calculation and the
"mixed" calculation just described. For both calcu-
lations we find that Q(Si) becomes more positive,

0(Oo.) more negative, n(O5"-O6") more negative and
n(Si-O) less positive at similar rates as we reduce
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Ftc. 3. Variation of total energy in (a) covalent SLOI and
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Ftc. 4. Variation of total energy u^r. Ob"-Si-Ob, angle for

SiMgOrH'0.

(Ob,-Si-Ob,). Therefore the only significant difference
between the two calculations is the absence of Si-Si
covalent antibonding in the "mixed" case.

SiMgOrH,o

For a silicate tetrahedron sharing an edge with a
magnesium octahedron in a hydrogen-saturated
SiMgOrH,o cluster, the minimum-energy Ob"-Si-Ob.
and Oo.-Mg-Oo. angles are 103 andT3",respectively,
with R(Oo"-Oo,) : 2.52 A, R(Mg-Si) : 2.71 A,
and there is a reduction of energy of 4.4 kcal/
SiMgOrHro from the undistorted value as shown in
Figure 4. The geometry of the resulting shared edge
conformation is in unexpectedly good agreement
with that observed for forsterite (see Table 3) where
a silicate tetrahedron shares three of its edges with
Mg-containing octahedra. This agreement is pleas-
antly surprising since the bridging oxygens in the
SiMgOrH,o unit would be coordinated by two addi-
tional divalent cations in the olivine structure. This
suggests that effects internal to the edge-sharing
polyhedra dominate the bridging angle. On the other
hand, the weak dependence of energy on (O6"-Si-Oo,)
in SiMgO.H,o indicates that external factors could
substantially disturb the bridging angle and that the
observed agreement of calculation and experiment

Tlsl-r 2. Energy and Charge Distribution

must be considered cautiously. Using the O-Si-O
bending force constants obtained by a normal co-
ordinate analysis of the vibrational spectrum of
forsterite (Devarajan and Funck, 1975), we estimate
the difference in energy between O-Si-O angles of
109.5o and 103'  to  be about  1.8 kcal /mole,  in
reasonable agreement with the calculated value.
The point-charge plus Born-repulsion energy shows
no minimum for SiMgOrH,o in the angular range
109.5"-90' if ScE-Nnuo charges are used. Using
formal charges, however, a minimum energy angle of
103' is obtained. This significance of this result is
not presently clear to us.

Because the Scr-Nruo method does not lend itself
to predicting reliable equil ibrium bond lengths, all
Si-O bond lengths were held fixed at l.6l A and all
Mg-O bonds at 2.12 A. No calculations were made
to learn whether the Si-O bonds involved in the
shared edges should be longer than those involved
in the unshared edges. However, as these bonds are
necessarily involved in smaller (O-Si-O)s angles,
we anticipate that minimum energy wil l obtain
when the bonds involved in the shared edges are
longer than those involved in the unshared ones
(Louisnathan and Gibbs,  1971).

The calculated changes in bonding character in
SiMgOrH,o are qualitatively the same as in Si2O.Ho,
i.e. M-O bond overlap populations are reduced and
charge is transferred from the M to 06, atoms as the
bridging angle is closed. The effects are, however,
much smaller than in Si.OuHa, as is evident from the
data in Table 2. For both clusters the M-M overlap
populations are negative, large, and rapidly in-
creasing at small distance, as shown in Figure 5. They
are clearly associated with antibonding interactions,
in contrast to the negative O-O overlap populations
which are at least ten times smaller and in the range
expected for nonbonded atoms. Trends of overlap
populations in Si-Si (in SirO.H,) and Si-Mg (in
SiMgOgHr.) are of similar form and would probably
be qualitatively superimposable except for a displace-
ment of the Si-Mg overlap population curve to

as a Function of (O6.-Si-O5,) in SiMgO"H'o
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Tlels 3. The Minimum Energy Angles and Interatomic
Separations for the Shared Edge Conformation in SiMgOrH,o
Compared with Those Observed for Forsterite

SiMgOsHr., respectively. These results wil l not be

discussed in detail since they were performed pri-

marily to check the Scn-Nelrao calculations and to

establish that our results were not hopelessly method-

dependent (although they may well be model-

dependent). As in the case of the Scp-Ns[4o calcula-

tions, the M atoms become more positive and the

Op1 rror€ negative as the Ob,-Si-O6, angle decreases.
These trends hold even though the CNno/2 charges
( S i  - 1 . 4 ,  M g  - . 8 ,  O  - - . 3  t o  - . 7 , H  - . 2 )  a r e  m u c h

smaller than the Scr-Nruo. A decrease in angle also

decreases the electro-n density in the Si3p orbitals and

the O6,2p orbital lobes parallel to the Si-M axis while

increasing the electron density in the O6'2p orbital

lobes directed away from the molecular center

along the Oo"-On, axis. Therefore changes in charge

distribution are also similar to those found using

Scp-rqnuo.

Conclusion
Curves relating total energy to bridging angle,

when calculated by approximate MO methods for
the l inked polyhe dra l  c lusters Si2O6H4 and

SiMgO.Hro, are in good agreement with experiment.
M-M covalent antibonding effects appear to strongly
influence the total energy variation although charge
redistribution from Si to Ou, and reduction of Si-O
bond overlap populations are also important.

<o.  -s i -o .
b r  b r

<O. -Mq-o.
D r - b l

R (  Obr -Obr )

R  ( M g - s i )

=  1 0 3 '

=  7 3 o

=  2 . 5 2  A

2 . 7 L  A

longer M-M distance by about 0.5 A, just the differ-
ence of the Mg-O and Si-O equil ibrium distances.
The metal-metal distances in the undistorted Si2OuH4
and SiMgOrH,o geometries differ by a larger amount,
about 0.73 A, since edge-sharing leads to shorter
relative distances for two tetrahedra than for a tetra-
hedron and an octahedron (Pauling, 1929). Therefore
the overlap repulsion effect and the changes in bond-
ing associated with it must be smaller for edge
sharing between a tetrahedron and octahedron.

Cn oo/ 2 comPutational results

CNpo/2 calculat ions g ive min imum energy
(Ob"-Si-Ob,) angles of 78o and 103" for Si2O6Ha and
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Ftc.  5.  Over lap populat ion,

SiMgO'H'o (filled circles).
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o
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Note added

Recent studies using the ionic model (G. J. Dienes,
D.  O.  Welch,  C.  R.  F ischer .  R.  D.  Hatcher .O.Laza-
reth and M. Samberg, 1975, Shell-model calculation
of some point-defect properties in a-Al2Os, Phys.
Reu. B, l l , 3060-3070) suggest that the O2--O2-
repulsions we have calculated using the Huggins and
Sakamoto parameters are much too large. For ex-
ample, the results of Dienes et al. give a O'o;-O3;
repulsion pf about 0.015 Hartree units for SirO.Hn
with (Oo,-Si-Oo.) : 70", compared to our estimate
of 0.147. Using the Dienes repulsion values, the sum
of the Coulombic energy (from formal charges) plus
the 03; -O3; repulsion energy shows no minimum
within the angular range 109.5 to 70o for SizOuH, and
a minimum at about 97o for SiMgOrH,o. The better
agreement with experiment obtained using the Hug-
gins and Sakamoto parameters is therefore probably
fortuitous.
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