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Estimation of thermal diffusivity from field observations of temperature as a function of time
and depthl
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Abstract

Methods have been previously reported for est imating the thermal conductivi ty from f ield
observations; appl icat ion of several such methods gives results that dif fer signif icantly from
one another. The cause of the discrepancy appears to be that each method only ut i l izes some
of the information contained in the data. Therefore, a method has been developed that uses al l
of the information, giving a "best" answer, in this sense. The method has been applied to data
taken from beneath Lake Waiau, a tarn on Mauna Kea, Hawaii .  Observations taken over
more than two years at depths in the sediments to about ten meters are used to estimate the
thermal dif fusivi ty of the sediment. The thermal conductivi ty of some sediment samples has
been measured in laboratory apparatus for comparison with the f ield results.

Introduction

The thermal diffusivity is related ro the thermal
conduc t i v i t y  t h rough  the  re la t i on  g i ven  i n  Kappe l -
meyer and Haenel  (1974,  p.  l0)  as

K  :  D p c  ( l )

where K is the thermal conductivity (heat f low per
unit t ime per unit distance per degree of temper-
ature), D is the thermal diffusivity (area per unit
t ime), p is the density (mass per unit volume) and c is
the specific heat (quantity of heat per unit weight per
degree of temperature).

The therrnal diffusivity can be estimated from
measurements of amplitude decrement and/or phase
difference of the temperature waves between various
depths in the ground. The decay with depth of the
amplitude of the temperature wave is given, theo-
retically by

Tr:  f r9- lzz-z ' lViTDP Q\

where Ir is the amplitude of the temperature wave in
the ground at depth zr, Tris the attenuated amplitude
at depth z, in the ground, P is the period of the
temperature wave, and D is the thermal diffusivity of
the ground. The phase shift, 4, of the attenuated
temperature wave between depths z, and z, is

6 : Q, - z')GFDP. (3)
1 Contr ibut ion No. C-751 of  the Hawai i  Inst i tuteof  Geoohvsics.
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From equations (2) and (3) the thermal diffusivity
can be expressed as a function of the temperature
ampl i tudes by

(2" - zr)'rf P

l ln  (Tr)  -  ln  ( Iz)1"

and as a function of phase shift by

D = (2, - zy)2r/Pg'. (5)

This method is discussed in more detail by Kirkham
and Powers (1972) and by Kappelmeyer and Haenel
(1974 ,  p .  87 ) .

The temperature profi le curve (temperature versus
depth at  a g iven t ime) can be obta ined by measur ing
the temperature at several depths within the ground.
If this temperature profi le curve is acquired a number
of t imes during the penetration of the temperature
wave into the ground, the measurement of the depth
at the crossover point of any two of the temperature-
profi le curves within the same periodic cycle provides
input data for a method of calculating thermal diffu-
s iv i ty .  The re lat ionship prov ided by Lover ing and
Goode (1963,  p.  27)  is  ( the minus-p lus was errone-
ously g iven as p lus-minus.)

42,'tr/ P

l(t, I t")2r/P T (2n I Dol'

where 11 and t, are the times the measurements were
taken from the beginning of the driving function, z" is
the depth at the crossover of these two curves, and r
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is  0,  1,2,  etc . ,  represent ing the corresponding f i rs t ,
second, third, etc. crossover of the two curves. The
annual  temperature wave is  assumed to be a per iodic
driving function. The thermal diffusivity, D, is the
average thermal-diffusivity value of the test material
between the crossing points and the level providing
the driving function. The thermal conductivity can be
indirectly obtained from thermal diffusivity measure-
ments (deterrnined from periodic methods) by either
measuring or estimating the density and the specific
heat of the test material, thus introducing more meas-
urement error into the thermal-conductivity determi-
nat ion.

We now show our attempts to apply these conven-
tional techniques to a practical problem and how
the inconsistent results of the different methods
prompted us to develop an improved method. We
then describe that method and its application.

Estimation of thermal diffusivity from field
observations

Lake Waiau is situated in the Waiau cone, near the
summit  of  the inact ive volcano Mauna Kea,  on the
island of Hawaii. A more specific location is shown in
Figure 1.  The exis tence of  a negat ive thermal  gradient
under Lake Waiau has been determined by Wood-
cock and Groves (1969).  The cause of  the anomalous
gradient remains uncertain. The answer is contingent
on knowledge of the differences in the relative ther-
mal properties of the lake water, the lake sediment,
and the c inders and lava surrounding the lake,  as wel l
as the thermal regime established in the area by natu-
ral processes. The purpose of this study is to deter-
mine the thermal  conduct iv i ty  of  the lake sediments
in which the negat ive thermal  gradient  occurs.  This
wi l l  a lso a l low us to obta in an est imate of  the heat
flux through the sediments.

Woodcock et al. (1966) have described the upper
two meters of the sediments. This section contains
two coarse layers of black ash and several layers of
finer gray ash comprising about 5 and 10 percent,
respectively, of the section. The remaining 85 percent
of the sediments are colorful shades of red and olive-
green. These colorful layers consist primarily of very
fine particles, less than 0.05 mm in diameter, believed
to be windblown from local sources, and about 5
percent is combustible organic materials.

Table I l ists the thermal-probe data obtained by
A. H. Woodcock that were used in the thermal-gra-
dient determination. These data have also been used
in this study to make estimates of the thermal dif-
fusivity using the non-steady-state periodic methods

LAKE
WAlAU

0 20 40 Meters

Ftc I  Map of  Lake Waiau showing est tmated depth contours
in meters.  The inner square marks the l imi ts of  the area in which
the temperature measurements were made, af ter  Woodcock and
Groves (  1969).

previously described. The estimates were first made
without any attempt to smooth the data, therefore
large variances are to be expected.

Estimates by amplitude decay and phase lag

Figure 2 is a temperature-time graph of the ther-
mal-probe measurements from Lake Waiau at the 3-
meter and the 5-meter depths below the iake surface.
The amplitudes Z, and T, are taken as one half of the
difference of the maximum and the minimum temper-
ature values in each data set. The amplitude is 2.93'C
at the 3-meter level and 0.73'C at the 5-meter level. If
we use equation (4) for temperature variation, the
estimate of the thermal diffusivity in the sediment
layer between 3 and 5 meters below the lake surface is
0.00205 cm2lsec.

We can also plot the data for the S-meter level on
an exaggerated vertical scale so the curve is about the
same size as the curve for the 3-meter plot. Then by
placing one curve on the other and sliding it along the
time axis unti l the curves match (or by cross-correla-
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T4ele  L  Tempera ture( 'C)a ts tandarddepths inLakeWaiaused imentsasafunc t ionof t ime;  WoodcockandGroves(1969)
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t ion), we can estimate the phase lag by measuring the
time difference between the zero-time axes. The esti-
mated phase shift between these two curves is 60
days. And with equation (5) based on the phase lag,
we obtain an estimate of 0.00374 cm2/sec for the

thermal diffusivity of the same 2-meter layer. There is
a difference of 45 percent between these two methods

o 200 400 600 800
Time, in doys

Frc.  2 Temperature,  f rom thermal  probes in Lake Waiau

sediment,  p lot ted against  t ime for  measurements taken at  three and

five meters below the water surface

for this layer of sediments, even though the results are

based on the very same set of data.
The data in Table I have been evaluated for each

level of measurements combined with every other
level. The results are shown in Table 2. The differ-
ences between the amplitude estimates and the phase

estimates have a mean value of 50 percent. If we

assume that these sediments are isotropic and

homogeneous in the layer between the 3-meter and

the 7-meter depths, then the thermal diffusivity
should be the same for each of the above estimates.
The mean thermal-diffusivity value from the ampli-

tude computations is 0.00298 cmz/sec with a stand-
ard deviation of 0.00212, and the mean of the phase

computations is 0.00410 cm2/sec with a standard de-
viation of 0.0103. The difference between these phase

and amplitude estimates is 38 percentl This difference
was attributed to the methodology being inadequate
to resolve the unsmoothed data, rather than the as-

sumptions; an alternate methodology was used to try

to obtain a more reliable value for the thermal diffu-
s iv i ty .

Estimate by crossouer of temperature profiles

Figure 3 is a graph of the temperature-depth pro-

fi les for the measurements made on 27 July 1966 and

28 December 1966 in the sediments of Lake Waiau.
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TneL r2 .  The rma l -d i f f us i v i t y compu ta t i ons f romamp l i t udedecayandphase lago f t he the rma l -p robe
data taken in Lake waiau.  1965-1967
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The crossover depth of these curves occurs at 447 cm.
II we assume the temperature wave detected at the 3-
meter depth to be a periodic driving function with a
period of 365 days, then the thermal diffusivity of the
sediments between 300 and 417 cm can be estimated
by equat ion (6)  to  be 0.0138 cm2/sec.

Table 3 is a l isting of 43 pairs of curves evaluated in
a similar manner. The mean thermal diffusivity is
estimated to be 0.00765 cm2lsec with a standard de-
v iat ion of  0.0135,  and the d is t r ibut ion was very
strongly skewed toward the lower values. The large
values are due to poor determination of the crossover
depth, which occurs when the curves cross at a small
angle instead of at nearly right angles-the ideal case
depicted in Figure 3. A better statistic for this situa-
tion is the mode, rather than the mean. The mode of
th is  d is t r ibut ion is  0.00130 cm2lsec wi th a standard
deviation of 0.00030. The computations are made
under the assumption that the sediment layer be-
tween 300 and 682 m below the lake surface is iso-
t ropic  and homogeneous.

Such large differences among the various ways of
estimating the thermal diffusivity make evident that
the answer was more dependent upon the method of
analysis than on the data! If each method were theo-

retically correct and used the same data base, then the
results should be identical. Each method did seem to
have a correct theoretical basis but used different
portions of the data, e.g., the temperature ampli-
tudes, the phase difference between depths, and only
the crossover points. The large difference between the
results thus indicated the need to use all of the data
avai lable.
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3. Temperature profi le of two thermal-probe measure-
made in the sediments of Lake Waiau.
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Estimate by an improued method: the least-squares
technique

Figure 4 is a map of the temperature-probe mea-
surements on the time-depth plane. Two distinct fea-
tures are expressed in the character of the isotherms.

The sloping of the troughs and ridges fronl the left at

the top toward the right at the bottom is an in-

dication of the phase lag throughout the layer. And

the isotherm gradient decreases markedly from the

top to the bottom, indicating the decay of the temper-

Tnsl-r  3 Thermal-d i f fus iv i ty  computat ions f rom temperature-prof i le crossings of  thermal  probes

in  Lake  Wa iau
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T  l M  E  ( d o y s )

Ftc 4.  Map of  the temperature-probe measurements on the t ime-depth plane.  Isothermal  contours are shown
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ature fluctuation with depth in the layer. Thus, the
isotherm map is a more continuous and total repre-
sentation of the propagation of the annual temper-
ature wavs through the sediment layer over the time
span of the measurement than any two selected depth
or  t ime sect ions through th is  map.

A well-defined trough on the right side of the map
in Figure 4 shows a phase shift of 94 days in the four-
meter layer. The thermal diffusivity is estimated to be
0.00609 cm2/sec using the phase-lag computation.
However, this particular phase lag is not representa-
tive of the entire map, and there is no other well-
defined ridge or trough that would be a more repre-
sentative phase lag. If we look at the amplitude decay
of the temperature range with depth, the computa-
tions give an approximate thermal-diffusivity value of
0.0023 cm2,/sec throughout the sediment layer. An-
other  isotherm map,  s imi lar  to  F igure 4,  was con-
structed for the idealized case of a constant thermal
diffusivity of 0.0023 cmz/sec.

The temperature, 7, at any point in the sediment
layer can be represented by the following relation
from Lover ing and Goode (1963)

T: T^ t r,s-zvc7DP sin [(r + 6)2tr/p - zy'i7DP1 1t1

where

T, -temperature range at driving level,
T--mean temperature of sediments,

D -thermal diffusivity of sediment layer,
z -depth of temperature measurement,
I -t ime of temperature measurement, and
@ -phase displacement in time.

This equation is then used as a model to obtain a
least-squares fit of the observed data in Table I, as
represented by the isothermal map in Figure 4, to
various idealized data sets.

The temperature, I, the depth, z, and the time, I,
are taken to be the known parameters in this model.
The period, P, is set to 365 days, and the mean
temperature , T*, is set to 6.3oC from values obtained
in the previous calculations. This leaves three param-
eters, the temperature range, 7", the phase dis-
placement, S, and the thermal diffusivity, D, to be
fitted in the estimation.

The program for calculating least squares was
checked and debugged using an artif icial data set.
Values at the points T(t, z) of the observed data in
Figure 4 were taken from the idealized map with D :

0.0023 cm"/sec by superimposing the two maps.
When the least-squares program was run on the arti-
f icial data set, it converged on the expected values of
the input parameters, including D : 0.0023 cm"/sec.

After the general region of the least-squares min-
imum was determined,  i t  was possib le to determine
the extreme value for the sum of the squared differ-
ences between the observed and the idealized data
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Frc. 5 ldeal ized map on the t ime-depth plane, using the values of parameters that best-f i t  the data in Fig' 4
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sets by varying the values of the input parameters, f '
g and D, by small amounts. The minimum value for

the sum of the squares was found to be 30.3462 ("C)

for 147 data points. The corresponding parameters at

th is  min imum are T, :  2 .655oC,0 :  70.67 days and

D : 0.OO2l2 cm'/sec. This calculation then repre-

sents the fit of the best regression surface of temper-

ature to the observed temperature surface on the

same time-depth plane. An idealized map of the tem-

perature over the same time interval and layer thick-

ness was constructed using these parameters, includ-

ing D : 0.00212 cm'/sec, shown in Figure 5. For the

computer program used in this estimate see Watts
(1975 )  Append i x .

We now describe laboratory measurements made
to obta in values of  thermal  conduct iv i ty  for  com-
parison with the values for thermal diffusivity from
the field measurements.

Thermal conductivity of sediments under a Hawaiian
alpine lake

A 2-meter core sample from the sediment layer

between 3 and 5 meters below Lake Waiau's surface

was obtained at the temperature-probe measurement
s i te by A.  H.  Woodcock on 5 May 1967.  A more

specific location of the selection site is shown in Fig-

ure I (see the square). Two specimens were sliced

from the ends of this core. one from the 3-meter and

the other from the 5-meter level. Each sample was
placed inside a cast acrylic annulus in order to, be able

to use the steady-state apparatus (Watts, 1975). The

tota l  heat  loss in  the measurement  of  the sediments is

approximately  8.5 percent  (see Watts ,  1975,  Chapter

3) .  The heat- f lux values computed for  the thermal-

conductivity measurements have been adjusted to

compensate for this loss. The results of the thermal

conductivity measurements in the laboratory are

listed in Tables 4 and 5. The measurements of the 5-

meter sample are considered unreliable lor the later

t imes.  The mean of  the f i rs t  four  measurements is

0.0029 cal/sec cm oC and is considered the thermal-

conduct iv i ty  measurement  of  the 5-meter  sample '
The mean value of the thermal-conductivity measure-

ments for the 3-meter sample is 0.0024 cal,/sec cm "C.
The difference between the steady-state measure-

ments of the 3-meter and the 5-meter levels is 20
percent. The mean particle density was found to be

2.40 gm/cm3 and the moisture content of the sample

from the 3-meter sample was 76.7 percent, following
procedures of  Lambe (1951).  The bulk densi ty  for  the

3-meter sample is computed to be I .36 gm/cm'.

The core sample was not stored in a sealed con-
tainer over the past eight years, therefore, the mois-

ture-content value cannot be representative ofthe "in

situ" situation. Woodcock and Groves (1969) report

values of moisture content at the 4-meter and the 6-
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meter levels to be 74 and 48 percent, respectively.
This indicates that the moisture content decreases
with increasing depth. The varying amounts of water
with respect to the sediment particles wil l cause the
bulk density and the specific heat of the sediment to
also vary with depth. These parameters are used in
the conversion of thermal diffusivity to thermal con-
ductivity through the relation K = Dpc.

If we take the thermal diffusivity to be 0.00212
cm2/sec, as measured, the particle density as 2.40
gm/cmg, as measured, and assume the specific heat of
the particles to be 0.22 cal/gm oC, then the corre-

sponding values of bulk density, specific heat, and
thermal  conduct iv i ty  are obta ined and are g iven in
Table 6 for three values of moisture content (weight
percent). This table shows that for decreasing mois-
ture content, the bulk density increases, and the spe-
cif ic heat and thermal conductivity both decrease.
However,  wi th in the moisture content  l imi ts  of  48-74
percent, the thermal conductivity varies about the
value 0.00205 cal,/sec cm oC, differing by no more
than 4.3 percent .

The measurements made by the steady-state labo-
ratory apparatus differ from the above estimate by 18

TnsLr 5 Thermal-conduct iv i ty  measurements of  a sediment sample f rom 5 meters
below the surface of  Lake Waia-
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T,qsLs 6.  For f ixed thermal  d i f fus iv i ty  and constant  part ic le densi ty,  var iat ion of

thermal  conduct iv i tv  versus moisture content
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and 4l percent. This difference can be accounted for,
in part, by the remolding that was necessary to fit the
sample into the annuluses. Also, small sl ices from
within the core sample are probably not representa-
tive of the entire sediment layer. The most representa-
tive value for the "in situ" thermal conductivity of
the sediments of Lake Waiau found in this study is
0.00205 cal,/sec cm oC.

The negative thermal gradient determined by
Woodcock and Groves (1969) is  0.052 oC,/m. I f  we
combine th is  value wi th the thermal-conduct iv i ty  es-
timate above, we obtain a heat f lux of 0.0107 cal/sec
m2 downward through the sediments at the area of
the lake from which the measurements were taken.

Discussion

The estimate of the thermal diffusivity of the Lake
Waiau sediments could be improved upon by in-

corporating another parameter into the new least-
squares method. The annual temperature wave was

assumed to be a s ine wave wi th a per iod of  365 days,
which is  not  the case in real i ty .  A more real is t ic
dr iv ing funct ion could be modeled in to the method
from the continuous temperature data that are mon-
itored at the Mauna Kea weather station.

Conclusions

The object ive of  th is  s tudy was to obta in a value

for the thermal conductivity of the sediments under

Lake Waiau. This was accomplished by estimating
the thermal diffusivity to be 0.00212 cm'/sec using a

least-squares method applied to temperature data

col lected by A.  H.  Woodcock.  The thermal  con-

ductivity of these sediments is derived from this esti-

mate to be 0.00204 cal/sec cm oC. This result com-

bined with the results of Woodcock and Groves
(1969) indicates a heat f lux of 1.07 pcal/sec cm2,

downward, f lows through the 4-meter layer of sedi-

ments in  the center  of  the lake.
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