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Auszug

Das Verfahren zur Bestimmung der Strukturfaktorvorzeichen fiir den in
der Raumgruppe P1I kristallisierenden Meyerhofferit, CaB,0,(OH), - H,0 wird
ausfiihrlich dargelegt. Unter Verwendung der X\-, X,- und X;-Beziehungen nach
HavprmaN und KARLE (1953) war es moglich, 2303 unter insgesamt 2678 Vor-
zeichen, fir die JFWil,eob_> 0, routineméfig zu bestimmen. Von den 2303 Vor-
zeichen erwiesen sich auf Grund der endgiltigen Daten der Strukturbestimmung
nur 55 als falsch.

Abstract

The procedures used to calculate the signs of the structure factors for
meyerhofferite, CaB;0,(0OH); - H,0, a P1 crystal, are described in detail. Using
the 2|, 2, and X relationships of HAurTMAN and KARLE, Monograph I (1953),
it was possible to determine routinely 2303 signs out of a possible 2678 for which
‘Fh(obs.)i > 0. Of the 2303 determinate signs only 55 were wrong as judged by
the final structure.

Introduction

When the investigation of the crystal structure of meyerhofferite,
CaB,0,(0H), - H,0, was begun, no application of the Hauptman-
Karle phase-determination procedures (HauvpTMaN and KARLE, 1953;
hereafter referred to as Monograph I) had yet been made to a P1
crystal of unknown structure. The ¢rystal structure of colemanite,
CaB,0,(0OH), - H,0, in space group P2,/a (CHRIST, CLARK and Evaxs,
1954, 1958) had readily yielded to the Hauptman-Karle method
(KarrLE, HaAupTMAN and CHRIST, 1958), but doubt had been expressed
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as to whether the method could be successful for a crystal in space
group PT (VanD and Prrinsky, 1954). However, the signs of the
structure factors for meyerhofferite were readily calculated and the
structure determined (CHRIST and CLARK, 1956, preliminary account).
Subsequent to the solutions of the crystal structures of colemanite
and meyerhofferite the structures of the more complex crystals
p,p’-dimethoxybenzophenone, = CH,O0C,H,COC,H,OCH,;, (KARLE,
Havprman, KARLE and Wing, 1957, 1958), and spurrite, Ca,(Si0,),COs,,
(HauptmaN, KArRLE, KARLE and SmitH, 1959) have been solved by
these statistical procedures.

The present paper is a detailed account of the procedures used and
the results obtained in the application of the method of Hauptman and
Karle to meyerhofferite. The crystal structure of meyerhofferite is
described in an accompanying paper (CHRIST and CLARK, 1960).

Preliminary considerations
Normalized structure factors K,

The three-dimensional intensity data collected for meyerhofferite
(CarisT and CLARK, 1960) were corrected for Lorentz and polarization
factors to obtain the F%(obs.). For meyerhofferite, there are 4342
independent reflections contained in the reciprocal sphere of radius
s = (sinf)/2 = 0.9 A-1; of this number 2678 were observed to have
intensities greater than zero, 1515 had intensities below the threshold
of observation and were assigned zero values and no observations were
made on the remaining 149, all of which have s = 0.8 A-1. The
calculation of the phases was based therefore on 4193 intensity
observations.

The F\(obs.) were put on an absolute scale and corrected for the
vibrational motion of the atoms through the use of the K(s) function
described by KarrLE and Havprtmax (1953). The K(s) curve for
meyerhofferite, shown in Fig. 1, was obtained in the following way. A
listing was made, in order of increasing s, of the quantities F(obs.)

and
i\?

Oy =.£ f;z(s)

(where N is the total number of atoms in the unit cell and f; is the
scattering factor of the jth atom). For meyerhofferite the cell contents
are 2[CaB;04(0OH), - H,O]. The s range was divided into ten intervals
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containing nearly equal numbers of terms, about 430. The K(s) value
for each of these s intervals was calculated by means of the relation

2o,

K(s) = 55 (obs.)

where the summations extend over each s interval, and K(s) is plotted
against the midpoint of the interval. For the ten groups containing
nearly equal numbers of terms the values represented by the solid circles
in Fig. 1 were obtained. The same ,
procedure was also carried out

using s intervals for which the first 7
interval contained 155 terms, and 30 :
nine remaining intervals each con-
tained about 460 terms. The values

obtained in this latter calculation 2

are plotted as crosses in Fig.1. K@) 7
Finally, thesmooth monotonically T 20 Y
increasing curve K(s) was drawn -,
among these points. The value :./

of [K(0)]"s, the factor for conver- 15— NN
ting the |Fy(obs.)| to an absolute x |
scale, is 2.82. The corresponding 0 |

scale factor found by least-squares |
comparison of the [Fy(obs.)] and x 1
the structure factors calculated 5 j
from the final atomic parameters 00 02__3‘45:(3/”09(’; /A 06 10
has the concordant value of 2.86

(CurIST and CLARK, 1960). n t
Th tities B2 where |E Solid circles show positions of averages
€ quantities fy,, where , hl when each group contains an approxi-

is defined as the normalized struc-  mately equal number of terms; crosses
ture factor, were computedaccord- show positions of averages obtained
ing to equation 3.15, MonographI: when the first s interval contains 155

terms and each of the remaining inter-

B2 — nK(s)Fp?(obs.) vals contains 460 terms
b My0y )

Fig. 1. K(s) curve for meyerhofferite.

For the space group PT, the symmetry number », and the mixed
moment m,, are both equal to 2 (Monograph I pp. 44—45).

According to KARLE et al. (1958), the probability distribution of
a structure factor in a centrosymmetric crystal predicts 32°/, of all
|E| > 1, 5°, of all |E| > 2, and 0.3°/, of all |E| > 3. For meyer-
hofferite the actual distribution found is as follows: 34%/, with |[E| > 1,
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4.4°/, with |E| > 2, and 0.2°/, with |E| > 3. Similarly, the theoretical
averages expected for a centrosymmetric crystal are: <<|E|> = 0.798,
<E?> = 1.0, and <|E?—1]|> = 0.968. The values found are 0.715,
0.986, and 1.01, respectively. The deviations are principally due to
the fact that the intensities of the absent reflections were taken
as zero.

Arrangement of data

For ease in carrying out the sign-determining procedures the data
were divided into eight groups according to whether %kl (= h) are
odd or even integers. The symbol g (for gerade) is used for an even
integer and the symbol u (for ungerade) for an odd integer. Thus, the
eight possible groups are: ggg, ggu, guu, wuw, ugg, wug, ugu, and gug.
For each group two listings were made. In the first of these listings
Fi(obs.), B}, B} —1, and |E,| were recorded in dictionary order on
hkl; in the second, these same data were recorded in order of de-
creasing |Fy|. In Table 1 are shown for each group the total number of
terms, the number of terms for which |Ey| > 0, and the largest |E}|.

Table 1. Grouping of meyerhofferite data according to |Ey | values

|
T No. of terms, I | h for largest

h ‘ No. of terms By >0 | Largest |E)| By
999 | 539 | 317 w 3.07 | 2126
wun 548 | 369 3 3.21 T 939
guu l 539 ‘ 344 | 3.62 C10.1.7
ugu 549 355 i 3.85 929
ung ‘ 540 i 326 | 3.02 1150
ggu i 539 k 344 ‘ 2.93 {  8.10.3
gug ‘ 539 | 323 ‘ 3.49 | 10.1.2
ugg | 549 | 300 | 2.83 1 780

Sign determination
Initial procedure
The calculation of signs by the Hauptman-Karle procedure must

begin with the determination of at least some of the signs of the ggg
group. Two probability relationships are available initially, namely
those given by equations 3.29 and 3.32, Monograph I. Only the X}
relationship given by the first of these equations was used in the
present study. For the PT1 case, this may be written (KARLE et al.,
1958) as

P, (Fy) =} + (coefficient) |Ey,|(By— 1),
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where the coefficient is

.
> zp
i=1

4( T Z,.2>3/ >’
=1

and for meyerhofferite has the numerical value of 0.067. For a crystal
with N equal atoms the coefficient above reduces to 1/(4N'). Setting
1/(4N'1) = 0.067, we calculate N ~ 14. Hence a PT crystal with seven
equal atoms in the asymmetric unit would yield the same coefficient as
that given by the thirteen unequal atoms of meyerhofferite*.

Thus the heavier calcium atom helps in the initial sign deter-
mination. However, as is discussed later in this paper, the presence of
the calcium atom in an otherwise essentially equal-atom structure
causes errors in the overall sign determination. P _(2h) was evaluated
for each of the ggg terms of meyerhofferite. This procedure is quite
rapid using the listings described above, and for most of the terms
involved can be done by inspection. Eight terms were found to have
P_(2h) > 0.80, seven with P _(2h) lying between 0.7 and 0.8, and two
with reasonably strong probabilities of having negative signs, giving
a total of seventeen terms, the signs of which have high probabilities.
Data for the eight strongly positive terms and the two negative terms
are given in Table 2. The sign calculated by P_(Fy,), by the complete
statistical procedure, and from the final structure is the same for each
of these ten terms, except for 2h= 844, where P (F,,) yielded the
wrong answer.

The signs of the first eight terms of Table 2 were checked for
internal consistency through the use of the 2; relationship given by
equation 4.05, Monograph I, which may be written (KARLE ef al.,
1958) as

sHy, ~3k2E21<(E121+1c — 1).

In this equation s stands for ‘sign of’ and ~ indicates ‘probably
is’. For the X, calculation any one term of the eight may be taken as
the 2h term and each of the remaining seven terms plus their centro-
symmetric equivalents as the 2k terms, making a total of fourteen
possible contributors to X;. Sample calculations are given in Tables 3
and 4.

* The contribution of the hydrogen atoms to the numerical value of the
coefficient is negligible.
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Table 2. Some ggg terms with high probabilities calculated using the X relationship
P (Fan) =4 -+ 0.067 |Eon| (En? — 1)

| L Final sign, | Final sign,

Zh E [ Een| ! ‘sz‘ i Py (Fan) H-K meté;lod structugrl:)
2.12.6 3.07 | 6.0 1L.oo* |+ +
10.6.2 1.66 | 3.1 1.00% + +
080 2.16 ’ 10.4 0.94 + +
10.4.6 2.16 | 4.2 0.89 - +
844 2.17 ' 5.0 0.88 — —
3.12.6 .20 | 24 0.83 + +
662 .08 4.1 0.83 + +
284 .55 | 5.4 0.82 + +
7.0.10 242 | 5.7 03¢ | — —
2.12.4 256 | 6.1 036 | — -

* Calculated greater than 1.00 due to series termination errors.

Table 3. Calculation of the sign of Eygg.o using the X,

relationship sHyy ~ Sszh (E’fl ik 1)
2h = 10.6.2 |Eyn| = 1.66

% Ey | htk | Bh—1 | By B 1)
2.12.6 307 5 494 i 2.89 J 8.86
2.12.8 C 307 | 632 | 0.58 | 1.78
814 ! 2.17* 913 L —1.00 —2.17
844 2.17% 151 0.91 1.97
080 | 2.16 | 571 ! 0.16 0.35
080 | 216 511 ! 0.22 0.48
10.4.6 2.16 054 2.35 ‘ 5.07
10.1.8 2.16 ©10.1.2 ‘ 11.17 24.09
284 |‘ 1.55 ’ 673 1.62 2.50
281 155 g 411 | 2.12 ; 3.27
3.12.6 | 1.20 i 434 ‘ 2.42 2.91
2.12.6 I 120 692 1 1.36 1 1.64
662 . 108 202 2.16 { 2.32
662 . 1.08 | 860 1 2.39 l 2.57
, | =, = 55.64

* Assumed -+ from P, (F,p); actually —.

The statistical criterion for the acceptance or rejection of a sign
was to require that X; be greater than three standard deviations, i.e.
2, > 3n’>, where n is the number of contributors to X,. This criterien
was later strengthened for terms with |E| < 1.00 to require that
|E| £ > 3n'l*, where X is any one of the sums X, X,, or 2, used through-
out the work. The calculation shown in Table 3 has 2; = 55.6 >
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Table 4. Calculation of the sign of Egiy using the X,
relationship sEy sZHa ~ (Epx — 1)
k

2h = 8%4 |Bon| = 2.17
\ ‘
2k By | h+k | Eyx—1 | Bg(Bhx—1)
— | | i

3.12.6 3.07 v 345 | —0.52 —1.61
2.12.8 3.07 581 | —0.08 —0.25
080 2.16 422 | —0.95 —2.04
080 2.16 462 o o —0.95
10.4.6 2.16 105 . —1.00 —2.16
10.1.8 2.16 931 l 0.18 0.39
10.6.2 1.66 - 913 —1.00 —1.66
10.6.3 1.66 i51 ’ 0.91 1.51
284 1.55 524 o8t —1.25
981 1.55 360 —0.26 3 —0.41
3.12.6 1.20 385 : 0.24 ; 0.29
2.12.8 1.20 541 . =062 —0.74
562 1.08 153 C —0.08 —0.09
662 1.08 711 L —0.79 —0.85
| X, =—9.82

3(14)'/2 = 11, so that the sign of K, , is acceptable as positive,

whereas the results shown in Table 4 yield 2; = — 9.8 < 3(14)": = 11

so that the sign of .z, is indeterminate. The 2 check also showed the
sign of Eg, to be indeterminate. Thus of the eight original B, having
high sign probabilities, six remained as a nucleus for further cal-
culation of K, signs by 2;. The next eight £, with large P, (Fy,)
were then examined and seven of these met the statistical acceptance
criterion. The total of thirteen E,, having high sign probabilities
were then used for X calculation of the signs of the £, having large |E’:
The first thirty of such terms were examined in order of decreasing |E|,
and signs were accepted for twenty-two of these. Further reiteration
of the internal consistency checks eliminated one of the original
thirteen terms. In this manner was assembled a group of thirty-four
E,, with known signs, composed of twenty-two of the first thirty
terms in order of decreasing |£| and twelve of the seventeen terms
having large P (F,,). This group was then used for digital computer
calculation of the 2 for all £,,. At the end of this procedure it was
considered that about two-thirds of the signs for the ggg group were
determined. Some large |E|,, still had indeterminate signs and an
effort was made to fix these using the X, relationship of equation 4.04,
Monograph I. The sign of only one of the £, could be determined by
the use of 2, at this stage of the calculations.
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Intermediate and final stages

At the completion of the inital stage only signs for the ggg group
were determined. In order to start sign determination for the £, of the
remaining seven groups it was first necessary to fix the origin of the P1
cell by the arbitrary assignment of signs to three £}, where the three h
are linearly independent modulo 2 (Monograph I). The Z, having the
largest magnitudes are usually chosen for sign assignment, because
this practice leads to strong probability results in the determination
of new signs. Of the remaining seven groups, ugu and guw contain the
two largest |Ey| values (Table 1). Accordingly, the two terms, Hjy
= 3.85 and F7, = 3.62, were taken as positive. Of the five re-
maining groups, only the signs of the £, are fixed by the choice made
above. The choice of the third sign can therefore be made for an Ky
from among the groups wuu, ggu, gug, or ugg. In these groups, ,,, =
Et 15 = 3.49 is the largest (Table 1); its sign was taken as positive.
The origin is thus determined and the signs of all of the remaining ¥
are fixed by the crystal structure.

The computation of thesignsofthe £, was carried out using 2, which
can be written as sEy NSZ B K, . (KARLE et al., 1958). The calculation

necessarily started with % E = Hyy = + 3.85, (since Ejyy has the only
known sign of the ugu group), taken together with some of the By, =FE,,,
with previously determined signs. The procedure actually followed was
to calculate the product Ky, E,,, for the B, of largest magnitudes, and
then to accept the signs only for those K, of large magnitude. This
process is equivalent to evaluating P (F), which for X, is proportional
to |Ey|E\Ey . In this way the signs of eight additional £,,, of large
magnitude were obtained. The internal consistency of the set of nine
E,,, was checked using 2, with completely satisfactory results. This
nucleus of nine ¥, with known signs was then used in hand calculation
of X, to derive the signs of 21 additional #,,, of large magnitude. In
turn, the collection of 30 £, of known signs was used in digital computer
calculation to derive the signs of the remaining #,,,. Although a know-
ledge of the signs of 30 K, = K, permits a possible total of 60

contributors to X, in practice the number of contributors is limited
k

by lack of information about the appropriate £y, , , = E,,,. The actual
number of contributors for meyerhofferite was usually about 14, with the
largest number noted being 30, and the smallest, 1. At the conclusion of
the digital computer calculations it was judged from the statistical

criteria that 65%, of the signs of the &, ,, were determined.
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Analogous procedures were followed for the calculation of the signs
of the E,,, starting with £y, , = + 3.62, and the £, starting
with F1, = + 3.49. At the end of these calculations it was con-
sidered that 75°/, of the signs of the E,,,, and 85°, of the signs of the
E,,, were determined. '

At this stage there remained the calculation of the signs of the £y
for the four groups wug, ggu, ugg, and uuu. These signs are dependent

on the signs already determined. For example, in using 2, for the wuu
k

group the indices take the form h = wuu, k =gug, and h + k = ugu.
As the signs of some of these four dependent groups become known
various combinations can be used in X, for cross-checking. As an
example the set gug can be obtained from the combinations ugg -+ wug,
ggu + guu, and ugu 4+ wuwu, (in addition to the ggg + gug already
used). In the present study, the signs of the E,,, were calculated next.
Alist of 50 £, of large magnitude and known sign were used as the Fy
of 2, in combination with the By, = E,,, of known sign. The signs
K

for the remaining groups wug, ggu, and ugg were then calculated in a
similar way. After the completion of these computations, the signs of

the ,,, were recalculated using 2, with k = wug (h + k = u'u'g’),
k

and the signs of the £, recalculated with k = gug (h + k = wuu).
The recalculations increased the percentage of determinate signs to
86°/, for each of these two groups. At this stage the overall percentage
of determinate signs was likewise 86°/y; statistics for the distribution

of the determinate signs among the several groups are given in Table 5.

Discussion of results

After the crystal structure of meyerhofferite was refined by least-
squares analysis (CHRIST and CLARK, 1960), the signs determined by
the structure were compared term by term with those calculated by
the Hauptman-Karle procedures. It was found that 97.5°/, of the
signs determined by the statistical procedure are correct. A detailed
listing of some of the results of the comparison of signs is given in
Table 5.

Errors in sign determination are known to be caused by the presence
in a crystal structure of unequal atoms, as well as by the finite number
of data available. For several non-centrosymmetric space-groups,
equations have been given by KArLE and Hauprmax (1956) for
calculating the variance to be expected. Similar statistical considera-
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Table 5. Summary of resulis for Hauptman-Karle sign determination

(1) (2) (3) (4) | (5) (6)
No. of No. of No. of No. of No. of No. of
Group terms with, deter- deter- terms deter- deter-
[Fn(obs.)| | minate minate with minate minate
>0 signs* signs |[Ey|=1.0 | signs, [|signswrong
wrong** |By| =1.0% ||Ep|=1.0%*
999 317 275 5 185 179 3
ugu 355 306 8 174 170 3
guu 344 261 7 180 165 2
gug 323 277 4 187 177 2
uuU 369 337 11 170 163 4
ggu 344 299 7 184 182 5
uug 326 297 10 180 172 4
ugg 300 251 3 170 166 2
Total 2678 2303 | 55 | 1430 | 1374 | 25

* Signs judged determinate by the statistical criteria, X > 3n'/s where n is
the number of contributors to X, for all |By| = 1.0;for |Ey| < 1.0, |Ep| X > 3n'l:.
** Final signs on basis of crystal structure (CHRIST and CLARK, 1960).

Table 6. Some signs <ncorrectly determined by Hauptman-Karle procedures

h |En| 5, (final) | |[Fulobs)|* | Fy(cale)**|  AF
131 3.49 16.66 35.4 —33.1 —23
332 2.62 —26.20 26.6 23.1 3.4
112 2.30 72.02 23.4 —22.7 —07
0it 2.06 23.42 20.9 224 1.5
052 2.03 —25.82 20.6 20.7 —o0.1
111 1.93 —57.35 19.6 15.9 3.7
115 1.83 —22.72 18.5 20.4 —1.9
031 1.79 —99.69 18.2 16.6 1.6
213 1.78 —17.46 18.0 15.4 2.6
203 1.75 —22.61 17.8 14.7 3.1

* Value includes the final scaling factor, &k = 2.86.
** Fx(cale.) from final positional and thermal parameters for meyerhofferite
(Crr1sT and CLARK, 1960).

tions are associated with 2, in centrosymmetric space-groups. The
variance calculated for meyerhofferite indicates that about 3°/, of the
determinate signs with |E| > 1.0 will be wrong as a result of the
presence of the calcium atom in an otherwise equal-atom structure
(H. HaupPTMAN, oral communication). This result is in good agreement
with the result found experimentally. About half of the incorrect signs
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were for terms with |E| > 1.0, and for about one-third of the incorrect
signs at least one of the corresponding Miller indices was zero. A
similar situation was found for colemanite (CuHRIST, CLARK, and
Evaxs, 1958). Some detailed information on ten large E, for which
the procedure led to incorrect signs is given in Table 6. In some of
these cases a large 2, is evidently associated with an incorrect sign.

Since the sign determination for meyerhofferite was completed,
an algebraic approach to the phase-determination problem has
produced new and important relationships for use in centrosymmetric
and non-centrosymmetric crystals (Hauvprman and KarLe, 1957;
KarrLE and HavptMmAaN, 1958). However, we wish to emphasize that
from the practical standpoint the joint-probability method of Haupt-
man and Karle was very effective when used in this manner. The
systematic application of the several X equations to successive groups
of reflections is easy to carry out, and the power of the method due to
the cumulative effect produced by systematic reiteration is evident in
the successful determination of the meyerhofferite phases.
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